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SYITOPSIS 

Problems of optimal design of simple elements such 
as columns and beams have received considerable attention in 
recent years. Usually length, cross-sectional shape and 
material are preselected and area is allov/ed to vary along the 
length for a given weight of the element. The optimized eigen 
value is either the buckling load or the natural frequency. 
Tadjbaksh and Keller have considered the problem of stroiagest 
colimns while Ifiordson and his group have studied the stiffest 
beams also. 

Two basic approaches are used in the above studies. 

In one case the problem is formulated as a classical Bolza 
problem. The resulting Euler equations yield the optimality 
criterion. In the other using a perturbation parameter ( e ) , 
a direct variational approach is used to make the eigen value, 
written as Rayleigh's quotient, stationary, The equilibrium 
equation is then solved along with the derived optimality 
condition. 

These studies have established that considerable 
increases in the eigen values can be achieved by an optimal 
distribution of stiffness. In this thesis, these studies are 
extended to examine whether further gains are possible by 
allowing the material to be nonhomogene ous . This essentially 
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means variation of stiffness with both modulus and area 
changing independently. Formally variation of E can also mean 
variation of density p . While this is generally true , no 
explicit relationship between the two is now available in the 
literature. Even so, with the advent of composite materials 
and the development of high specific modulus fibers, one can 
conceive of situations where modulus can vary without any 
change in density. Thus in the problems studied here, only 
area and modulus appear as the design variables. The results, 
however, for a tapered-nonhomogeneous element can be applied 
in the presence of density variation also by replacing the 
design variables by their suitable combinations . 

To consider a variety of cross-sectional geometries, 
nondimens ional second area moment is considered proportional 
to T)^ where p refers to nondimens ional area and q is an 
integer. Most of the sections of interest can be described 
by q varying from 1 to 3* Modulus variation has been consi- 
dered in the following form 

__ 1 

i = / dx 5 P > 0 

o 

where e is a nondimensional modulus when p is constant and is 

'V 'Vi 

equal to E/^<1 if p is a variable. Here E and p are non- 
dimensional modulus and density respectively. Hondimensional- 
ization is done in such a way that e = 1 for a homogeneous- 


uniform element 
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As stated earlier, the prohlem has been formulated 
as a Bolza problem in the language of optimal control theory. 
The necessary conditions for optimality are therefore similar 
to the statement of Pontryagins maximum principle. Fortunately 
adjoint equations in the multipliers can be solved indepen- 
dently in terms of the state variables, thereby yielding simple 
optimality equations. Using some simple transformations and 
the optimality conditions, a second order nonlinear equation 
for a column and fourth order nonlinear equation for a beam 
are obtained. The equations are numerically integrated. Due 
to non- imposition of any constraint on the minimum and maximum 
values of the area and modulus, difficulties in numerical 
integration, caused by singular behaviour of the function, 

’have been encountered. It was found that an accurate knowledge 
of the behaviour of the function in the neighbourhood of a 
singularity is essential for any convergence to right results. 

Uniform and tapered (q = 1,2,3) columns are investi- 
gated for various values of p and for the boundary conditions 
— hinged-hinged (H-H) , free-clamped (F-C) , dlamped-clamped 
(G-C), and clamped-hinged (C-H) . Analytical solutions are 
obtained for p = 1. For p 1 , numerical integration is 
attempted using three different approaches — successive 
iterations, Emge Kutta, and the one employing successive 
iterations after the governing equation is integrated once 
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analytically. It is found that only the method of successiTe 
iterations is successful in determining the solutions in all 
the cases. The region of integration is divided into himdred 
or more divisions and integration is done by trapezoidal rule. 
Solutions for C-G and C-H boundary conditions offer consider- 
able nmerical difficulties because of the appearance of 
sing-ularities at the points of contraf lexure . Location of 
these points is also to be deteimined from the solutions. 

It is interesting to note from the results that the 
curve of percentage increase in buckling load over the corres- 
ponding Euler column versus p is monotonic, load increasing 
with decreasing p. Virtually it appears that for both the 
uniform and tapered columns, any increase in load can be 
achieved provided the corresponding modulus variations, which 
become impractical for very high loads, can be achieved. It 
is found that for e^^g^ = 2.133, 63.57 percent increase in 
load can be achieved for a H-H tapered column of geometrically 
similar cross-sections (q. = 2), whereas the corresponding 
increase for the homogeneous column is 35.3 percent. 

Both the uniform and tapered beams have been 
investigated for various values of p. Uniform beam problem 
has been solved for four boundary conditions — H-H, E-C, C-C 
and C-H. Analytical solutions are obtained for p = 1 . 

ResuJLts indicate that psactically any increase in frequency 
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can be achieved by modulus variation alone. The required 
modulus variations seem to become impractical for very high 
increases. However, within feasible variations of modulus, 
substantial increase in frequency over a uniform homogeneous 
beam is achieved. For a H-H beam it is 19-41 percent ?ri.th 
e = 2.09, whereas the increase for the corresponding 
tapered-homogeneous beam is 6.6 percent. 

The solutions for the tapered beams have been 
obtained for H~H and F-C cases only. For a H-H beam, the 
solution is obtained for q = 1,2,3 and p >0. Theoretically,, 
any increase in frequency can be obtained by selecting p to 
be small and using corresponding modulus and area distributions. 
However, area distributions become impractical for small values 
of p. Still, it is found that for feasible values of p a 
substantial increase in frequency is obtained. Investigation 
of singular behaviour indicates that the singularity occurs 
only in curvature. 

Hat\ire of the singularity for free-clamped beam is 
quite different from the H-H beam. Deflection, slope, and ' 
curvature simultaneously are singular at the free-end. 
Singularity is very strong and is controlled by the value of 
q only. It does not depend on p. The solution is obtained 
for q = 2 and 3* For q = 1 , necessary conditions do. not 
seem to have any meanirgful solution. It is further concluded 
that the effect of modulus variation is not significant as the 



increase in frequency through area Tariation alone is very 
high, e.g., 5.78 times the frequency of uniform-homogeneous 
beam as obtained by Uiordson. 

Since there is no constraint on minimum area and 
modulus, optimal solutions contain points of zero modulus and 
area. This is physically unrealistic. Besides, exact physical 
reproduction of the nimerical curves for modulus and area 
distributions is difficult in practice , . So an attempt is made 
to investigate the sensitivity of eigen value to small changes 
in these distributions . These have been approximated by simple 
polynomials v/ith some minimum value of area and modulus. Using 
these, the eigen value is determined. It is shown through 
the example of H-H columns with p = 1 , that the critical load 
is very close to the load for the unconstrained column. It 
thus appears that the eigen value is not very sensitive to 
small perturbations in the optimum rnmnerical results. Besides, 
using the results of the unconstrained problem, it seems 
possible to prescribe a good approximation to the design 
variables for the constrained problem. 

The results indicate that modulus variation can 
result in a substantial gain in the eigen values . Bor struc- 
tures where minimum weight is of utmost consideration, suitable 
modulus variation offers the possibility of great improvements 
provided the proper materials can be developed. 



CHAPTER - 1 


IHTRODUCTIOF 


Problems of optimal design of simple elements such 
as columns and beams have received considerable attention 
in recent years. Usually length, cross-sectional shape and 
material are preselected and area is allowed to vary along 
the length of a given weight of the element. Optimized 
eigen value is either the buckling load or natural frequency. 
Realistic designs may involve some additional constraints 
on the design and state variables. 

Since strongest-homogeneous-columns and stiffest- 
homogeneous beams have been thoroughly investigated in the 
literature, corresponding non-homogene ous elements are 
studied in this thesis. A brief review of optimal tapered 
columns is presented in Section 1.1. Optimal beams with 
constraint on fundamental frequency of transverse oscilla- 
tiozBare reviewed in Section 1.2. Object and scope of the 
present work is then stated in Section 1.3. 

1.1 Brief Review of Optimal Tapered Columns 

• Interest in problems related to optimal design 

' ' 5 

of columns really started with the treatment, by Keller 
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and Tadjbaksh and Keller^, of the strongest column problem, 
stated as the determination of the shape of a column of 
given length and volume of material for which the Euler 
buckling load is a maximtim. It is shown in [5] that of all 
untwisted columns, hinged at the end points with arbitrary- 
convex cross-sections, the one with cross-sections of 
equilateral triangles and Variation of area like that of 
the strongest circular col-umn, is the strongest. Triangular- 
ization alone results in an increase of 20.9 percent in 
load and this coupled with optimum tapering»yields an overall 
incres^e of 61.2 percent over that of the uniform circular 
cylinder. It is further shown that these results are 
applicable to initially twisted col-umns also, in the 
absence of any applied couples. 

Authors in [6 ] determine the optim-um shape of 
coluinns which have similar-cross-sections and are clamped 
at one end and clamped, free or hinged at the other end. 

The analysis is based upon the fourth-order homogeneous 
differential equation^with homogeneous boundary conditions}, 
which describes the equilibrium of an elastic rod in the 
buckled state. With a suitable change of variables# this 
equation is reduced to a second-order-self adjoint equation 
with homogeneous but mixed bo-undary conditions. Application 
of direct variational technique along with the theory of 
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self-adjoint-second order differential equations » produces 
optiimlity condition which is a nonlinear relationship 
between the "shape function" and the eigen function. 
Incorporating this in the equilibrium equation, the problem 
reduces to the solution of a nonlinear second order equation 
in the eigen function. It is solved exactly to produce the 
critical load and the associated area distribution for the 
given boxmdary conditions. Since the obtained eigen value 
is only stationary, it is shown through the use of integral 
inequalities, that it is maximum of the lowest eigen values 
for any shape with the given volume . It is found that in 
the hinged-hinged, clamped-clamped and clamped-free cases 
the buckling load is increased by one third over that of a 
uniform column and in the clamped-hinged case the increase 
is slightly more — about 35.1 percent. It is further shown 
that the results may be interpreted as isoperimetric 
inequalities for eigen values of certain second order 

differential equations. 

7 

Taylor has presented an alternative energy 
approach by minimizing the total potential energy in the 
buckled state , treating the given volume as constraint'* 
Governing equations are obtained by the application of ■ 
direct variational technique. Furthermore, an alternate 
approach for a proof that the solution of these equations 
is a maximum of the lowest eigen values, is also presented. 
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Later, this approach is applied by Taylor and Liu for 
optimal design of columns, characterized by a linear 
dependence of stiffness on the volume of the material per 
unit length, with an inequality constraint on cross- 
sectional area. Solutions are obtained for clamped-free 
and clamped-hinged columns. Besidos>a proof for the 
optimality of the designs, is also presented. Method, however, 
can be easily extended to other types of cross-sectional 
shapes, but generalization for the proof of optimality of 
constrained designs is yet to be obtained. 

9 

Pragor and Taylor have presented a uniform method, 
along with the proof of optimality, of treating a variety of 
problems of optimal design of sandwich structures charac- 
terized by the linear dependence of specific stiffness on 
specific structural weight. Application of the principle 
of minimirai potential energy leads to the optimality condition, 
which stipulates that a certain specific energy ^’or pov/er) 
or the difference between certain specific energies per unit 
specific stiffness has a constant value throughout the 
structure. Design problem then reduces to the integration 
of an optimality condition, which is a differential 
equation for the optimal displacement field that does not 
involve any design parameters. Subsequently, the variable 
specific stiffness of the optimal structure is determined 
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from the usual differential equations of the structure . The 

method is later applied to a hinged-hinged sandwich colutnn. 

10 

Prauenthal has obtained analytical solution for 
hinged-hinged optimal columns of various cross-sectional 
shapes, characterized by a constraint upon the maximum allow- 
able prebuckling stress. This constraint is equivalent to 
the minimum area constraint used in [8]. Prauenthal 
essentially solves the problem, tackled in [s], which is 
generalized to account for other sections of practical 
interest . The approach used for the formulation is also 
slightly different. Rayleigh quotient is made stationary 
subject to the constraints on the prescribed volume and 
maxlnum prebuckling stress. Relevant necessary conditions 
are obtained by applying Euler equations to suitably 
constructed functional. Using the principle of symmetry and 
dividing the half column into two parts , analytical solutions 
are obtained. It is later shown that the solution asympto- 
tically approaches to the solution for strongest column 
obtained in the literature [ 6 , 9 , 11 ]. It may be mentioned 
that no formal proof of optimality is presented by the 
author but it is stated that the analytical solutions are 
in close agreement with the numerical ones obtained by a 
modified steepest ascent procedure, suggesting the 
stationary solutions to be in fact optimal. 
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"1 *2 Brief Review of Optimal Tapered Beams 

Problems of optimal design of vibrating elastic 

homogeneous elements have been largely studied by Fiordson 

1 2 

and his group . Fiordson has considered a simply supported 
beam, of given length, with geometrically similar cross- 
sections (q = 2) and determines the optimal tapering which 
maximizes the fundamental frequency of transverse vibrations 
for the given volume of the material . Prequency written 
as the Rayliegh quotient, is maximized for the given volume 
by the application of direct variational technique = 
Incorporating the resulting optimality condition in the 
equation of equilibriimi, problem finally reduces to the 
solution of a highly nonlinear fourth-order differential 
equation in the displacement function with singular boundary 
conditions . The solution is numerically obtained by the 
method of successive iterations. It is found that optimal 
tapering of the beam produces a 6.6 percent increase in 
frequency. 

13 

Brach considers a whole group of Euler-Bernouli 
beams characterized by (q = 1 ) a linear relationship between 
second area moment and cross-sectional area and optimizes 
their shapes with respect to fxmdamental frequency for all 
kinds of homogeneous boundary conditions. To consider 
praetical solution, constraints are put on the design 



7 


variable. Necessary conditions to make frequency stationary* 

are obtained from the first variation of a suitably constructed 

augmented functional with respect to design and state variables. 

Equations are solved analytically. It is found that in the 

hinged-hinged case Euler beam is the optimal, furthermore, 

optimal solutions do not exist for free-free and clamped-r 

free beams. This result is later confirmed by Karihaloo and 
14 

Niordson through more elaborate mathematical and physical 
reasonings. Shape of a cantilever beam, with and without a 
tip mass, is optimized with respect to its fundamental 
freq.uency for various cross-sectional styles (q = 1 , 2 , 3 )- 
In the absence of a tip mass, this results in an increase of 
578 percent for beams having similar cross-sections and 
325 percent for beams having rectangular cross-sections of 
given width (q_ = 3 ) over that of the corresponding Euler beam. 
It is further seen that tip mass has a substantial effect on 
the shape of the beam. 

Though the general approach in [14]. is essentially 
the same as that in [ 12 ], the extension is by no means 
trivial. Nature of singularity in the cantilever case being 
quite different from that of the hinged-hinged beam, iterative 
solution is developed in a different fashion, as discussed 
in Chapter 7 of this thesis. 
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1 5 

Karihaloo and Niordson have further generalized 

the problem considered in [12]. Essentially employing the 

same approach, the shape of a simply supported laterally 

vibrating beam having the highest possible value of the 

first fundamental frequency under a given axial compressive 

load, is determined for q = 1, 2, 3. In the absence of axial 

compressive load, for q = 3 the increase in frequency over 

the corresponding uniform beam is 11.9 percent and for q = 1, 

13 

as stated by Brach , no increase in frequency is possible. 

1.3 Object and Scope of Present Work 

These studies have established that considerable 
increases in the eigen values can be achieved by an optimal 
distribution of stiffness . In this thesis, strongest columns 
and stiffest beams are examined for further gains by allowing 
the material to be nonhomogeneous. This essentially means 
variation of stiffness with modulus and/or area, formally 
variation of modulus can also mean variation of density. While 
this is generally true, no explicit relationship between the 
two is available in literature. Even so with the recent 
advances in composite material technology and the development 
of high specific modulus fibers, one can easily conceive 
of situations where longitudinal modulus variation can be 
achieved, keeping the fiber orientation and density 
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unchanged. Thus in the problem studied here* only area and 
modulus appear as the design variables. The results for a 
tapered-nonhomogeneous element can , however » be applied in the 
presence of density variation also by replacing the design 
variables by their suitable' combinations. 

Stiffness variation -in a general case as considered 
here, can be achieved either by varying area or, ..modulus and/ 
or both. An attempt is ,theref ore, made here to examine the 
relative gains offered by the uniform-nonhomogeneous and 
tapered-nonhomogeneous elements. To include a variety of 
cross-sectional geometries, nondime ns ional second area 
moment is considered proportional to larM're T) referes to 
nondimensional area and q is an integer. Besides, modulus 
variation is considered to be constrained by the following 
relationship 

1 

e = / e^ dx ; P > 0 ? 

o 

where e is a nondimensional modulus and e is unity for the 
corresponding homogeneous uniform element. 

Optimization problem is stated as a classical 
Bolza problem in calculus of variation. The problem is , 
however, cast in the language of optimal control theory. 

The necessary conditions for optimality are, therefore, 
similar to the statement of Pontryagin's maximum principle. 
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I'or the class of problems considered, even though this 
approach does not offer any special advantages over that 
used by the authors in [6, 8, 11, 12, 13], the derivation 
of the governing equations and the boundary conditions, 
specially on the multipliers, comes out in an elegant and 
simple manner. Besides, this approach has not been widely 
used for structural applications and offers decisive 
advantages for complicated problems, involving finite number 
of discontinuities and eqality and inequality constraints 
on the design and state variables. 

Solution of the governing equations, wherever 
possible, is obtained analytically, ffumerical solutions are 
obtained by the method of successive iterations. Other 
numerical methods, as ata€ed in Chapter 4, are also attempted 
but vfithout much success. 

In Chapter 2, a general Bolza problem is stated 
and cast as a problem in optimal control theory. ETecessary 
conditions (which are equivalent to Pontryagins maximum 
principle) obtained from the first variation of a suitably 
defined augmented functional, are ■ presented without proof. 
These are then further reduced to equations, which can be 
directly applied to the problems studied in this thesis. 
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In Chapter 3> problem of strongest uniform- 
nonhomogeneous column is investigated.^sing the necessary 
conditions stated in Chapter 2, optimality condition and 
the governing equations are derived. Analytical solution 
of these equations , for p = 1 is obtained for the classical 
homogeneous boundary conditions — hinged-hinged, free- 
clamped, clamped-clamped and clamped-hinged . 

Chapter 4 determines the numerical solutions of 
the equations of Chapter 3 for p 1 tby the method of 
successive iterations. Some other numerical schemes, which 
were attempted with a view to save computer time, are also 
discussed . 

In Chapter 5, a tapered-nonhomogeneous column is 
considered . Analytical as well as numerical solutions are 
obtained for all the end conditions considered in Chapter 3 • 
It is further shown that the governing equations for the 
uniform column can be obtained as a special case of the 
equations for the tapered column. 

In Chapter 6, a uniform nonhomogeneous beam 
element is investigated for the maximum increase in the 
fundamental frequency of transverse vibrations. Analytical 
as Virell as numerical solutions are obtained for four 
homogeneous end conditions, like hinged-hinged, free- 
clamped, clamped-clamped and clamped-hinged. 
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In Chapter Tj a general tapered-nonhomogeneous beam 
element is considered, ffumerical solutions are obtained for 
hinged-hinged and free-clamped end conditions. 

Since there is no constraint on minimum area and 
modulus, optimal solutions contain points of zero modulus and 
area. This is physicall 7 unrealistic. Besides, exact physical 
reproduction of the numerical curves for modulus and area 
distributions is difficult in practices. So an attempt is 
made to investigate the sensitivity of eigen value to small 
changes in these distributions. These have been approximated 
by simple polynomials with some minimum value of area and 
modulus. Using these, the eigen value is determined. It is 
shown through the example of H-H columns with p = 1 , that the 
critical load is very close to the load for the unconstrained 
colimm. Its thus, appears that the eigen value is not very 
sensitive to small perturbations in the optimum numerical 
results. Besides, using the results of the unconstrained 
problem, it seems possible to prescribe a good approximation 
to the design variables for the constrained problem. 

The results indicate that modulus variation can result 
in a substantial gain in the eigen values. For structures 
where minimum weight is of utmost consideration, suitable 
modulus variation offers the possibility of great improvements 
provided the proper materials can be developed. 



CHAPTER - 2 


GENERAL PROBLEM OE OPTIMIZATION ME ITS EOmfUI.ATIOH 

2 . 1 Statement of the General Problem 

A realistic optim-uni design problem is generally 
characterized by a finite number of control parameters and 
variables. The parameters are discrete in nature and the 
variables could be the state or design variables which 
depend continuously on time or space. These are to bo 
determined such that a functional, mostly an integral, is a 
minimum. Construction of the functional depends on the 
criterion selected for the optimal design. Eor example in 
structural design, it is generally the cost or weight of 
the structure. Further, since the system being designed 
must be capable of performing certain functions, it may have 
to meet some side conditions on the state and design 
variables also. These side conditions generally include 
both the equality and the inequality constraints. As the 
problems studied later do not have any inequality const- 
raints, the presentation is confined to equality constraints 
only. The problem, thus, is the classical Bolza problem 
in calculus of variation. The formulation given belo?/ 
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follows closely the treatment in Ref. {1 ]. The problem can 
now be stated as: 

Determine u(x) , b, y(x), <_ x £ x^, which minimize 

x^ 

J = u(x), b)dx (2.1.1) 

subject to the conditions; 

= f(x, y, u, b), x° <-x £x’'^ (2.1.2) 

1 i 

g^(b, x'^, y'^) +. f la(x, y(x) , u(x) , b)dx = 0 , 

x° 

a = 1 , . . . ,r ( 2 . 1 . 3 ) 

0^{xf y, u, b) = 0 , p = 1 , . . . ,q , x*^ £ x £ x''^ 

(2.1.4) 

?/here 

y(x) = Cy^(x) y^(x)]^ J u(x) = [u^(x) .... I 

b = [b^ .... b^] ; f(x,y,u,b) = [f^(x,y,u,b) .... 

f^(x,y,u,b)3^ (2.1.5) 

and x° < x^ < x^, where (x^, y^) are intermediate points j 

3 = Ij...., h—l . 
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For the problem considered here, it is assimed that 
the conditions (2.1.4) do not express any component of y(x) 
explicitly. In case some constraint function depends only 
on 3((x) and x, this constraint is called state variable 
constraint. Such a constraint is not considered here. 

The vector variable y(x) is called the state 
variable, u(x) is called the design (or control) variable 
and b is called the design parameter. Equations (2.1.3) 
contain the boundary conditions on the state variable and 
functions which determine the end points of the interval . 
Conditions (2.1.2) and (2.1.4) express the constraints which 
have been separated such that Eqns. (2.1.2) contain the 
derivatives of the state variable and Eqns. (2.1.4) do not 
involve any derivatives of y. In structural problems Eqns. 
(2.1.2) represent equation of equilibrium and Eqn. (2.1.4) 
may involve some relations among the design and state 
variables representing some side constraints . The independent 
variable x may be time or space-type variable, depending on 
the problem being considered. 

The functions f^, f, I® ^ assumed to be 

continuously differentiable at- all points except (x^, y^), 
j = 1,..,,,T)-1. At these points the functions may have 
jump discontinuities. And so in general u(x) and j (x) 
are piecewise continuous. The allowed discontinuities, 
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thus, routinely accoixat for sudden changes, in system 
behaviour, which do occur in realistic problems of optimal 
control. 


2,2 A Multiplier Rule 

Necessary conditions for the Bolza problem can be 

obtained from a very powerful theorem, of liusternik and 
2 

Sobolev , which sates that — 

If u(x) , b, and y(x) provide a solution to the 
Bolza problem stated earlier, then there exist multipliers 
>^0 ‘^'a » a j=1,...,r, Xj_(x), i = 1,...,n andpp(x), 

P = not all zero, such that 

6J = 0 (2.2.7) 


where 


X 




J = XqEqCb, y^) + ^ YaSa(^» > 7^) + XQfo(2:,y ,Usb.) 


a=1 


+ I X^(x) - f^.(x, y, u, b)] + I YaBc((x, y, u, b) 


i=1 


a=^ 


iip(x)jZ(p(x, y, u, b)>dx 


( 2 . 2 . 8 ) 


Here 6J represents the first variation of J. 
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2 .3 necessary Conditions for the Bolza Problem 

The simplest Bolza problem is the one having all 

its functions three times continuously differentiable. Even 

in this case, however, u(x) may be only piecewise continuous. 

* 

To include this possibility, let x be a point of discontinuity 

of any component of u(x) . Besides, to be more general, let 

0 1 * n 

X , x*^, X and x ‘ be not fixed but must be determined. This 
means that these special points are to be treated as 
parameters which are to be determined much as the design 
parameter b . 

Before enforaihg (2.2.7), for convenience in the 
development which follows , define 

r . . 

& = ^ (2.3.9) 

a=1 

T 

H(x, y, u, b, X , Y j n) = x (x) f(x, y, u, b) 

r 

- X f (x, y, u, b) - I Yal'a(x, y, u, b) 

a=1 

a 

- t P'S (2,3.10) 

p=1 ^ ^ 


so that (2.2,8) becomes 



ia 


X 


J = G + /^ [ X^(x) - H]dx + / [ x^(x) - H]dx 


dx 


dx 


x'- 


+ r [x''(x) f| - H]ax 


(2.3.11) 


——I ^ ^ 

Writing 6J with respect to arbitrary variations in x , y , 

y(x), u(x) and b and equating it to zero, one gets the 

1 

following necessary conditions . 


§L 

dx 


■ / 


( 2 . 3 . 12 ) 


IS 

3U 


= 0 


for X ^ X. 

0 


(2.3.13) 


3G 

9b 


Ti 

/ M 

Jo 9 b 


dx = 0 


(2.3.14) 


3G 

c 

97 


1 


X(x°) = 0 


(2.3.15a) 


37 


T 


T] 


X(x^) = 0 


(2.3.15b) 


9G 

37‘ 


T 


+ X (x^ -- 0) - X(x^ + 0) = 0 


(2.3.15c) 


3 G 


+ H(x° + O) 


ax' 


M 


0 


(2.3.16a) 
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3G- 

n 

J 

1 

- 0) = 0 


(2.3.16b) 

SX 





i 

- H(x^ - 

- 0) + H(x^ 

+ 0) = 0 

(2.3.16c) 

9 X*^ 





/ * 
H(x 

- 0) - 

H(x* + 0) 

= 0 

(2.3.17) 


X (x* - 0) - x(x* + 0) = 0 (2.3.18) 

It may be noted that the necessary conditions 

(2.3.12) through (2.3.18) are linear and homogeneous in the 

multipliers f Ya and {ip (x) . It is, therefore, 

permissible to choose the magnitude of one multiplier' so that 

the remaining multipliers are uniquely deteimined. It seems 

reasonable that if the necessary conditions obtained by 

setting 6J = 0 are to be related to minimization of J, then 

x^ should not be zero.' This is indeed the case and if X 
o 0 

is required to be zero by the necessary conditions then the 
Bolza problem is "abnormal” in a sense. Most meaningful 
problems are normal and require X^ / 0. In solving problems 
using the stated necessary conditions, one should first 
verify that equations (2.3.12) through (2.3.18) have no 
solution if X^ = 0. It is then permissible to put x^ = 1 
so that the remaining multipliers are uniquely determined. 
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Even though equations (2. 3. 12) through (2.3.18) 
are very complicated, it can he easily seen that they provide 
just the right number of equations to solve for all unknowns. 
It, however, does not assert that a solution of these 
equations exists . 

The necessary conditions obtained are very nearly 

3 

the famous Pontryagin maxunum principle . The condition 
which completes the maximum principle is an inequality which 
follows from the \Yeierstrass condition of calculus of 
variations . This condition is stated v/ithout proof as - 
In addition to the conditions (2.3.12) through 
(2.3.18), the solution of the Bolza problem must satisfy the 
condition 


H(x, y(x) , U, b, X (x) , Y» 0) < H(x, y(x) , u(x) , b, X(x) , Y, O) 

(2.3.19) 


for all admissible U and all x < x < x 


2.4 Fecessary Conditions for Pixed End Points 

If the end points x° and x^ are fixed and if there 
are no points of discontinuities, the equations (2.3.15c), 
(2.3.16), ( 2 . 3 . 17 ) and (2.3.18) drop out. Besides in the 
absence of any constraints (2.1.4) and control parameters 
b, equations (2.3.14) and (2 .1.4) also drop out . 
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The problems considered here in this thesis belong 
to this category. Hence for such problems one needs to 
determine the solution of Eqns^ (2.3.12), (2.3.13) and 
(2.3.15) along with Eqns. (2.1.2) and (2.1.3). It may be 
mentioned here that Eqns. (2.3.12), (2.3.13) and (2.3.15) 
provide respectively the adjoint equations in the multipliers 
X, optimality conditions and the boundary conditions on X 
respectively. 

This formulation will now be applied to the column 
and beam problems in the following chapters . 



CHAPTER - 5 


UHIEOBM-HOHHOMO&EHEOUS COLPMFS 

3 • 1 Introduction 

Uniform columns of given length, cross-sectional 
shape and mass are investigated in this chapter for maximum 
increase in the buckling load through optimum longitudinal 
variation of modulus. To carry out a systematic study, the 
problem of buckling of a general tapered-nonhomogeneous 
column is first formulated in Section 3.2. Reduction of the 
equilibriiim equation and the boundary conditions for a 
uniform column is then straight! orvYard . A constraining 
relationship, which is similar to the condition of specified 
mass, to restrain the modulus variation is proposed in 
Section 3»3. Optimization problem is then stated in Section 
3.4. Equivalent statements of the problem along with the 
several approaches available in the literature for the 
formilLation are given in Section 3.5. Necessary conditions, 
for the present problem, are derived in Section 3.6. 
Boundary conditions on the multipliers, used in the 
formulation, are obtained in Section 3.7. Optimality 
condition and the governing equation are finally derived 
in Section 3.8. These can be solved analytically for p = 1. 
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Exact solutions are therefore obtained in Section 3.9 for 
four classical end conditions such as hinged-hinged, free- 
clamped,- clamped-clajnped and clamped-hinged . Eor p 1 , 
numerical solutions are determined in Chapter A for the ahoTe 
set of end conditions. 

3.2 Eormulation of Buckling Problem 

Consider a column of length L, volume V, mass m 
and cross-sectional area A(g). Under axial compressive 
load P. iMeglecting the shear effects, the equation of 
equilibrium in the buckled state is written as 

- + P = 0 (3.2.1) 

where, as shown in Pig. 3.1 » w( 5 ) is the lateral deflection 
from the straight position and M( 5 ) is the bending moment, 
given bys 

M { K ) = - E (0 I(?) w (3.2.2) 

In equation ( 3 . 2 . 2 ) B(C) is the Young’s modulus of the 
column material which is isotropic and 1(C) is the second 
moment of area. Por the class of columns under consideration, 
it is related to the area by the relationship 


1(C) 


a 


(3.2.3) 
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where q is an integer and a is a proportionality factor 
determined by sectional geometry. It may be noted that a 

is not necessarily dimensionless. If 1 .represents a typical 

2n«-4* 

length dimension then the quantity «1 is dimensionless. 

Most of the sections of interest can be represented 
by varying q from 1 to 3. I'or example, as pointed out by 
Prauenthal^^ , q = 1 represents a sandT^ich column of fixed 
width, fixed core thickness (of negligible stiffness) and 
variable, equal face sheet thickness. Besides, q = 1 also 
represents a solid rectangular section of fixed depth and 

variable width. A solid column of geometrically similar 

6 

cross-sections , used by Tadjbaksh and Keller , is represented 
hy q = 2, Bor a solid column of rectangular cross-section 
of fixed width and variable depth,q equals 3. Other shapes 
of practical interest can also be approximately represented 
by suitable choice of q and corresponding a. 

Using (3.2.2) and (3.2.3), equation (3.2.1) can 
be written, in terms of the variables E, A and w, as: 


c 

d 


^ (E A^ w^^) 

Ihis can be further written as: 


0 


^ [ (~) • (P w ] +1 w = 0 


(3.2.4) 


( 3 . 2 . 5 ) 


\ 
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where P ( S) represents the density. The motivation behind 
introducing P in the above equation is explained in the next 
section. It is related to mass m of the column through the 
relations 

L 

/ P ( 5) A( 5) d 5 = m (5.2.6) 

o 

Now, the following nondimens ional quantities may be defined 


X 


1 ’ 


Y - 2 

y - T. j 


P 


I = aA^ , X 

o o ^ 


P P'1 


ae m" 
0 0 


^ E / \ A 

E — ^ ^ 8.(x) — 

o o 

, e(x) = , T)(x) = 


v 

P a 


0(x) = e y" , 


r. A T — m 

m = P AE« m = — 
0 0 0 ^ m 


(3.2.7) 


o 


where E , P , A , I , m are the reference modulus, density, 

0 0 0 0 0 ... 

cross-sectional area, second moment of the area of cross- 
section and mass respectively of the corresponding Euler 
column. Prime here denotes differentiation with respect to 
X. It may also be noted that E, P , ^ , a(x) , T) and 0 
respectively are nondimens ional modulus, density, critical 
load, cross-sectional area, mass per unit length and 
bending moment . 
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Introducing, now, the aboTe dimensionless 
quantities in equations (3.2.5) and (3.2.6), one easily gets: 

0" + Xe“^ T)“^ 0 = 0 (3.2.8) 

1 

/ h (x) dx = ^ = 1 (3.2.9) 

0 o 

Thus the equation of equilibrium, (3.2.4), which is originall5r 
of fourth order in w reduces to a second order equation (3.2.8) 
in 0 . Its. solution requires two boundary conditions written 
in terms of 0 and 0 . These are now derived for various end 
conditions . 

3.2.1 Derivation of boundary conditions 

Considering a column element at any station 5 , as 
shown in Dig.. 3.1hj shear force S, bending moment M and the 
applied axial compressive load P are related as ; 



d 

(El 

d wn 

+ P If + S = 0 

dc 

(3.2.10) 

or 


4 * 

^y' ■ 

+ So = 0 

(3.2.11 ) 

where 

^o 



j, 2+5 

(3.2.12) 


a e 

m^ 

0 0 
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Using equation (3 -2.11) and physical conditions associated 
with a particular type of end fixity, boundary conditions in 
terms ot 0 and 0* can now be easily stated. Based upon the 

s 

knovm solutions for the strongest homogeneous tapered columns 
and being interested in the first mode of buckling only, 
conditions of symmetry will be employed to deriwe the 
boundary conditions for the hinged-hinged and clamped-clamped 
columns. Bor such columns, only the interval 0 <_ x ^.1/2 will 
be considered for determining solution and hence the boundary 
conditions. 

Hinged -Hinged 

Physical conditions along with the conditions of 
symmetry for such a column are: 

M(0) = y’(l/2) = S^(l/2) = 0 (3.2.13) 

Incorporating, the last two conditions in (3.2.13) into (3.2.12), 
and knowing that 0 represents bending moment, the follov/ing 
boundary conditions can be stated . 

(3.2.14) 


0 ( 0 ) = 0 
0‘(l/2) = 0 


(3.2.15) 
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Pree-Clamped 

Physical conditions in this case are (Pig. 3.1c); 

M(0) = y'(l) = S^(1) = 0 (3.2.16) 

Hence the "boundary conditions are : 


0{O) = 0 (3.2.17) 

0\^) = 0 (3.2.18) 


Glamped-Clamped 

In this case (Pig. 3. Id), physical conditions along 
with conditions of symmetry are; 


y'(0) = S^(0) = y’(l/2) = S^(l/2) 

Equation (3.2,11), therefore, easily yields; 

^'( 0 ) = 0 


(3.2.19) 

( 3 . 2 . 20 ) 


0'{V2) = 0 


( 3 . 2 . 21 ) 


Glamped-Hinged 

Gonsidering the Pig. (3.1e), one easily gets 

= 0 ( 0 ) ( 3 . 2 . 22 ) 

Insorfing from (3.2.22) into (3-2.11) along with the 
condition of zero slope at the clairped end x = 0, boundary 
conditions for the clamped-hinged column can be easily 


written as; 
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0\o) + 0(0) = 0 (3.2.23) 

0(1) = 0 (3.2.24) 

where (3.2.24) states the condition of zero moment at the 
hinged end. 

Boundary conditions derived above for different 
types of end conditions are similar to those obtained by 
Tadobaksh and Keller^. The only difference being in the 
statement of conditions for hinged-hinged and clamped-clamped 
columns. Besides, the boundary conditions obtained here are 
simply homogeneous whereas those obtained in Ref. [6] are 
homogeneous and mixed. 

3 .3 Modulus Constraint 

In the problems tackled in this thesis, E(0 is 
considered as an independent design variable . It can be seen 
that, if this is allowed to vary unrestrained, the critical 
load can be increased indefinitely, as evident in the Euler 
column, where the load is proportional to modulus . Therefore ,' 
modulus must be constrained in some fashion. 

In the case of strongest homogeneous columns 
cross-sectional area distribution is determined for the V 

given buckling load, such that mass of the column is a 
minimum. The solution results in a saving in mass relative 
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to the corresponding Bnler colioim carrying the same load. 

The same problem is equivalent to determining the area for 
the given mass, such that the critical load for the buckling 
in the first mode is a maximum. Mathematically, the relation- 
ship of area to mass can bo considered as a constraint on 
the allowed variation of area, such that 

/ A^(5) d£ = Constant (3.3.25) 

0 

where the constant could be proportional to mass . In a 
similar fashion, wo propose the following relationship for 
the modulus 

.1 

e = / e^(x) dx = 1 ; p > 0 (3.3.26) 

o 

where- e as. defined in (3.2.7) is the nondimens ional quantity 
(E/^ ) and p is a positive parameter. 

Since one is interested in having a relationship 
which shouldbe simple and should be valid for the corres*- 
ponding EifLer col-umn: also, it can be easily seen that the - 
relation (3.3.26) satisfies these conditions. 

In order to understand the motivation behind 
this particular choice of the relationship (3.3.26), one 
may consider a column material which allows modulus ; 

variation without any change in density. In such a case 
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e represents nondimensional modulus. As the nondimension- 
alization has been done v/ith respect to the reference 
modulus 5 e gives directly the variation in modulus 
relative to it. Interpreting (3*3.26), e can be viev/ed as 
the average value of e^ . It is further evident that for 
p = 1 , the above relationship amounts to a constraint on the 
modiiLus variations such that the average value of the modulus 
remains the same as that of the EixLer column. Ihis restricts 
wild variations in B, which in practice cannot be achieved. 

Since there is no unique way of constraining e 
variation, one can mathematically thinic of any relationship 
which is valid for the corresponding Euler column also. 
DepeMing on this relationship, one will get a particular 
optimum load and associated distributions of the design 
variables. Parameter psis introduced to give generalized 
averages covering all possibilities. Associated with each 
value of p, there will be an optimum value of X and corres- 
ponding distribution of the variables involved. Since p 
is unlikely to have any optimum value, p versus X relation- 
ship is expected to be monotonic. One will then be able to 
predict distribution of the design variables to get a 
particular increase in the eigen value . The distributions 
predicted, however, may not be realistic to be realised 
practically. It may be mentioned that p is assimied to be 



32 


greater than zeroy because optimality condition (Section 
3.8), for negative values of p, will require very large 
(theoretically tending to infinity) modulii at the points 
where moment is zero. This is physically unacceptable. 

In the case where density is varj^-ing along with 
the modulus, the problem becomes difficult. Since P does not 
explicitly occur in the governing equation, it is not 
possible to treat density, modulus and cross-sectional area 
as three independent design variables. If a relationship 
between density and modulus is available in a convenient 
form, it can be incorporated in the present analysis. Since 
such a relationship is at present not available, the analysis 
is restricted to two independent design variables, e and ri 
only. The optimal process will determine e and p and it is 
hoped that one can develop the materials and taper the 
column such that the desired e and t} distributions are 
achieved. Using these design variables, the explicit 
appearance of density in the formulation (Chapter 5) is 
avoided. This explains, also, the artificial introduction 
of density in the equation of equilibrium (3.2.5). 

3.4 Statement of the Ix'oblem 

The optimization problem can now be stated as 
determination of modulus distribution, constrained by the 
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relation (3*3.26), such that the buckling load for a column 
of given mass and geometry is a maximum. In other words, 
it amounts to maximizing X such that 

1 

J Tl(x) dx = ^ = 1 ( 3 . 2 . 9 ) 

0 o 

/ e^ dx = e = 1 ( 3 . 3 . 26 ) 

0 

For a uniform column of mass m^ (mass of the reference 
Euler colujun) , a(x) is a constant. The Eqn. (3.2.9) then 
reduces to 

1 ^ 

J p dx = i/a ( 3 .f. 27 ) 

0 

Thus modulus variation which is normally associated V 7 ith 
density variation must be such that (3.4.27) is satisfied. 
Mathematically, problem requires determination of e and p , 
which are somehow inter-related, as high modulus is normally 
associated with higher density. Since p does not appear 
explicitly in the equation (3.2.8), P cannot be considered 
as an independent variable in the formulation. Eurthermore, 
even if this were possible, it may not be physically 
feasible to develop materials having, simultaneously, the 
prescribed modulus and density distributions. However, 
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with the recent advances in composite material technology 
and development of high specific modulus fibers, one can 
conceive of developing a material having the prescribed 
modulus distribution without any change in density, provided 
the rec[uired variation is not too wild . Apparently one 
can achieve it by using low modulus fibers in regions where 
the modulus required is low and high modulus fibers where 
the modulus requirement is large . The density can be 
maintained constant by suitably controlling the volume 
fractions of the fibers and matrix along the length. 

With density kept constant, it is assumed that p 
and a have such values that r)(x) = 1 . In such a situation, 
relation (3.4.2?) is identically satisfied and the 
variable e (E/^^) simply becomes E when P = 1. The problem 
now reduces to maximizing X such that ( 3 . 4 . 27 ) is satisfied. 

3 .5 Different Approaches for Eormulation 

Because of the similarity in the mathematical 
nature of e and e relationship for a uniform element and 
area-mass relationship for a homogeneous element, the 
present problem is similar to the problem of design of the 
minimum mass structures with constraint on the eigen value. 
This is stated in two equivalent forms: maximizing eigen 




35 


value for fixed mass, or minimizing the mass for a fixed 

eigen value. It is , therefore , either an isoperimetric problem 

or a Bolza problem in calculus of variations. Various 

authors have derived the optimality conditions with marginal 

difference in the approaches. Some of these are i 

10 12 

1 . Express the eigen value ’ P as a Rayleigh’s quotient 

L . 

/ El d5 

P = o (3.5.28) 

r 2 

/ w dg 

o ^ ' 

and maximize it subject to the constraint of given mass, 

6 7 8 ° 

Usually P is made stationary and only in some cases proof ’ ’ 
of optimality, i .e stationary value being the maximum of the 
minimum, eigen values, is available. 


2. Mathematically, making P stationary is equivalent to 

13 

making J stationary for the given mass , where J is defined 
as I 


J = J (EIw^ -Pw^)dc 
o 


(3.5.29) 


7 


3, Mass is made stationary for the given eigen value which, 
from (3 *2 .1) , is 


d5 


2 (El 


w 


(3.5.30) 


U 
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or (El w)+PWrr = 0 (3.2.1 

Thus, equation of equilibrium is treated as a constraint. 

4 . Sometimes, an energy approach is used where the total 

T 8 

potential energy ^ is minimized for the given mass, 

5 . A direct variational approach, using parameter e, is 

applied to the equation of equilibrium^’^ (or P in Eqn. 

1 2 

(3 •5.28) ) and the constraints. The method is not widely 

followed, as it does not seem to be convenient to apply, 
specially in the presence of inequality constraints on the 
design variables. 

Generally the technique used in the above 
approaches is to make a functional J, written as an 
integral including the specified constraints, stationary. 

For this purpose an augmented functional 1, consisting of J 
and the constraints is written, using multipliers. It is 
then made stationary with respect to the variables involved. 
Corresponding Euler equations provide the necessary 
conditions. Since the extremising of J implies extremization 
of J also, it is immaterial whether one minimizes mass for 
the given eigen value or maximizes eigen value for the 
given mass. The necessary conditions obtained in both 
the cases are the same, since the augmented functional 


does nod change basically 
problem can be stated as; 
Minimize 


In view of this the present 
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e = / e^ dx ( 3 . 5 . 31 ) 

o 

such that 

0 = 0 (3.5.32) 

g.|(^^(0), 0(i^), 0*(O), 0\^)) =0 ( 3 . 5 . 33 ) 

g^{0{O), jZf(l), 0\o), 0'{^)) = 0 (3.5..34) 

where, h being unity, 

e = ^ (3.5.35) 

0 = ey" ( 3 . 5 . 36 ) 


and and gg are the constraints imposed by the end 
conditions like H-H, £-C, C-G, C-H, as obtained in Section 

(3.2). 

3.6 lecessaiw Conditions 

P or applying the equations (2.3.12) to (2.3,18), 
the problem is now cast in the format of control theory. 
Defining 
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= 0 (5.6.37) 

72 = 0 ' (3.6.38) 

Equation ( 3 . 5 . 32)5 which is a second order equation, can be 
represented by two first order equations; 

y^ = yg = f-, (3.6.39) 

y^ = - Xe”^ y^ ~ ^2 (3.6.40) 


Now, using Eqns . (3.5.33) » (3.5.34), (3.6.39) snd 
( 3 . 6 . 40 ), the f-unctional J can be written as; 


2 12 

J = I YpSi + / + I ^( 3 ^) (Ni - fj_)]dx (3..6.41) 

i=1 o i=1 

Eunctions G and H defined in (2.3.9) and (2.3*10) can be 
now easily written. They are: 


0 — 7'jS'i 72^2 

H = X^(x) f.| 4- X2(x) - X^eP 

= ^1^2 “ ^2 - X^eP 

Using ( 2 . 3 . 12 ) and (2.3.13) one easily gets 


( 3 . 6,. 42) 


( 3 . 6 . 43 ) 


( 3 . 6 ( 44 ) 
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t 



13 

3 72 


(3.6.45) 


9H 

3 O 


-‘2 

X e 


- X pe 

o 


P-1 


= 0 


(3.6.46) 


Differentiating X^ once, and then substituting X^ from 
( 3 . 6 . 44 ), one easily gets; 


n 

^2 



0 


( 3 . 6 . 47 ) 


3.7 Boundary Conditions on Multipliers 

Applying Eqns . (2.3.15a) and ( 2 ■. 3 .15b) to the 
function G- in (3.6.42), one can easily get expressions for 
the multipliers Y-j > Y 2 B.C.’s for X 2 (x). We shall now 
derive these for the end conditions — H-H, C-C, C-H. 
Free-clamped case is not considered, as one can see from 
(3.2.14)-(3.2.15) and (3 .2 .17)“(3 .2 .18) , that the boundary 
conditions for B-H and B-0 cases are similar. 


3 . 7.1 Hinged-Hinged 

Using relevant boimdary conditions and applying 
Eqns, ( 2 . 3 . 15 a) and (2.3.15b), one can easily got: 

g.j = 0 ( 0 ) = 7^(0) = 


0 


(3.7.48) 



40 


^2 = (1/2) = y^'C'1/2) = 0 

(3*7.49) 

II 

-i 

— i. 

(0) + 72^2^®^ 

(3*7*50) 

80 

fy-jioj 

0 

II 

0 

#< 

1 

(3*7*51) 

8 0 

3 72(0) 

0 - X2(0) = 0 

(3.7*52) 

8 0 

8yV(i/2) 

= 0 + X^(l/2) = 0 

(3*7.53) 

80 

9y2n/2) 

0 

il 

— 

CM 

+ 

CM 

11 

(3*7*54) 


Equations (3*7.51) and (3*7*54) determine constant multipliers 
Y-| andY 2 »^^^ ( 3*7. 52)-(3. 7*53) provide boundary conditions 
for and.Xg* Writing in terms of X 2 from (3.6.45), 
boundary conditions on X 2 can easily be written. These 
are ; 

X2(0) = 0 (3*7.55) 

= 0 (3.7.56) 

3.7.2 Qlamped-Clamped 

Using appropriate B.C.'s (3*2.20) and (3*2.21) and 
following the steps for the H-H case, following relations 
are obtained. 
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= 0 (0) = 72(0) = 0 

(3.7.57) 

g2 = 0 ' (^/ 2 ) = 72(1/2) = 0 

(3.7.58) 

0 = 7-172(0) + 7272(1/2) 

(3.7.59) 

syw ° - ° 

(3.7.60) 

5 72(0) - '’l ^2^°^ = ° 

(3.7.61) 

= ° + ^4^/2) - 0 

(3.7.62) 

5-7UW = = ° 

(3.7.63) 


Equations (3.7.60) and (3.7.62) easily give the B.C.’s on X 2 * 

^(0) = 0 (3.7.64) 

x^dA) = 0 (3.7.65) 

3*7.3 Glamped-Hinged 

Using B.G.’s (3.2.23) and (3.2.24) and following 
above steps: 

g-| = 0(0} + 0 (0) = y-|(0) +72^^'^ =0 (3.7.66) 

gg = ?((i) = y^CD = 0 


(3.7.67) 
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^ [y-|(0) +72(0)] + Y27i('>) (3.7.68) 

9 CJ 

= Yt + ^(0) = 0 (3.7.69) 


9G 


= Y-j + ^ 


= 0 


(3.7.70) 


SG 

95'l (1 ) 


Yg + ^,(1) 


0 


(3.7.71) 


_J_G 


0 + 


0 


(3.7.72) 


Eliminating Y-j from (3.7.69) and (3,7.70), the B.C.’s on 
^2 can easily he written. They are; 

X2(o) + x^^o) = 0 (3.7.73) 

x^d) = 0 (3.7.74) 


3 .8 Optimality Condition and G-overning: Equation 

Comparing the Eqn. (3.6.47) for Xg 
associated boundary conditions derived above for each set of 
the end c ond it ions, with the Eqn. (3.5.32) for 0 and corres- 
ponding boundary conditions, it is evident that X 2 0 
are governed by the same differential equation and boimdary 
conditions . One can therefore easily write X^ in terms 
of 0 as: 
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= K0 


(3.8.75) 


where K is a oonstant . Substituting this in (3.6.46) and 
replacing by 0, one gets; 




(3.8.76) 


or 


= (ft) 


(3.8.77) 


Eqn. (3.8.77) is a relationship which must exist between 
e and 0 for e to be a minimum. It, therefore, can be 
interpreted as the optimality condition. Since modulus must 
be positive , the constant K must be positive because > 0 
from the multiplier rule. 

Substituting for e from (3.8.77), the ec[uation of 
equilibrium (3.5.32) reduces to: 




J. 


V 


fJL.'s 


= 0 


(3.8.78) 


It may be commented that variable 0 in Eqn. (3.8.78) 
has been put in the above form to fascilitate the integration 
of this equation for clamped-clamped and clamped-hinged end 
conditions, where 0 changes sign at the point of inflexion. 

If the above form is not used, one is highly susceptible 
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to commit mistake in determining the solution, specially when 
p is an odd integer. 

The original optimal problem , thus, reduces to the 
solution of a second order nonlinear equation (3.8.78) in 0 
with appropriate boundary conditions. As stated in Chapter 
2, if the optimal problem is a normal problem, is then 
an arbitrary positive constant which is generally ta.ken as 
unity to normalize the other multipliers, e .g,, , X2J Y-| 

and Y 2 ■’-ised here. This evidently means that for a normal 
problem which is assumed here, the solution must be 
independent of x^ • It may be mentioned that Y^ and Y 2 were 
determined while deriving the B.O.'s on multipliers and X^ 

f 

is linearly related to ^2 which is itself linearly related 
to 0 . Bor a fixed value of e which is unity here, the 
number of unknoyms is essentially four — K, e, 0 and X . 

But the number of available equations is only three — 

Bqns. ( 3 . 3 . 26 ), ( 3 . 8 . 77 ) and (3.8.78). One is thus short of 
one equation. This is really not true, as 0 is governed by 
a homogeneous equation and homogeneous B.G.'s. It is an 
eigen value problem and therefore, represents mode shape 

which remains utndet ermine d within a scalar. Identifying 
K as this constant and defining 


Tjj 


( _i-)y 0 


(3.8.79) 
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Eqns. (3-8.77) and (3.8.78) reduce' to: 

e = (X 


n 


+ 


( ^)(Vp+1) 


= 0 


(3.8.80) 

(3.8.81) 


These can he further simplified hy redefining i;) . Doing this 
one easily gets; 


e 




X (p2^p+1 


(3.8.82) 


P" + 


P 


_E_ 
2.P+1 


0 


(3.8.83) 


(P") 


where 

4, = (3.8.84) 

‘ It may be cautioned here that the transformation 
(3.8.79) is valid only when K )i^ 0, which in other words, 
implies that any of the multipliers used in the problem is 
not equal to zero. If such is the case, care has to be 
observed while defining a relationship of the form,. (3,8.79) . 

One now needs to solve the Eqn. (3.8.83) along 
with the associated boimdary conditions, which being 
homogeneous, remain the same in terms of p. Eigen value X 



can then be determined from (3*3»26). Using expression for 
e from (3 •8*82) one easily gets 

1 1 U 

/ e^dx = / (P^) dx = 1 (3.8.85) 

0 o 


or 


/ (P®) 




dx 


1/p. 


( 3 . 8 . 86 ) 


The nondimensional modulus distribution, eCx), is then 
obtained from (3.8.82), 

The solutions, now, will be obtained for each of 
the end conditions (H-H, F-C, C-C, G-H) for various values 
of p. Exact solutions can be obtained for p = 1 and the 
governing equation has to be integrated numerically for 
other values. The solutions,therefore ,are discussed 
separately for p = 1 and p / 1 . 


3.9 Analytical Solutions 


Equations (3 •8.85)? (3.8.86) and (3.8.82) 
respectively reduce to the following equations for p = 1 
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X = -jJ (3.9.88) 

I (Pl dx 

0 

e(x) = xjPl (3.9.89) 

Equation (3.9.89) can be interpreted alternatively. Substi- 
tuting for e(x) in terms of p and y one easily gets: 

y" = ± C!o (3.9.90) 

where 0^ is a constant. Thus the optimality condition requires 
buckling to take place such that the magnitude of cur^mture 
remains constant. This is a familiar result which Prager 

9 

and Taylor obtained for homogeneous columns with stiffness 
proportional to mass per unit length, Por the problem 
considered here, stiffness is proportional to e because cross- 
sectional area is constant. Mathematically both the problems 
are the same if modulus and area are int er changed, and hence 
the same optimality condition. 

3*9.1 Hinged-Hinged column 

The governing Eqn. (3.9.87) is to be solved for the 
f ollowing B . G . ’ s . 


p(0) = 0 


(3.9.91) 
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p'(l/2) =0 (5.9.92) 

For a H-H column the curvature, hence the bending moment 
represented by j3, docs not change sign for the lowest 
critical load. The Eqn. (3.9.87) reduces to 

p" + 1 = 0 (3.9.93) 

Integration of the above equation gives 

p = - ■! + c^x + Cg ( 3 . 9 . 94 ) 

Determining the constants c^ and c^, using the B.C.'s (3.9.91) 
and (3.9.92), the following solution is easily obtained. 

p = -I (x - x^) ( 3 . 9 . 95 ) 

Substituting, now, p in Eqn. (3.9.88) one easily gets; 

X = ^ : = 12 (3.9.96) 

2 J ■|•(x - x^)dx 

o 

Substitution of ^ and p, obtained above, in Eqn. (3.9.89) 
yields ; 

e(x) = 6(x - x^) ( 3 . 9 . 97 ) 

It may be noted that Eqn. (3*9.97) gives the 
required nondimensional modulus distribution and Eqn. (3.9.96) 
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gives the nondime ns ional critical load, which for the corr- 

2 

esponding nuler colirm is it . Denoting this by one 
gets; 


X 


X 


E 


11 

ii2 


1.216 


(3.9.98) 


Thus modulus variation produces a 21 .6 percent increase in 
critical load over the Euler column. Further, from Eqn. 
( 3 . 9 . 97 ) s it: is obvious that the minimm value of e is zero 
at X = 0 and its maximum value is 1.50 at x = l/2. The 
Corresponding e distribution is shown in Figure 5.2. 


3 . 9.2 Free-Clamped column 


The B.C.'s for a free-clamped column from Eqns . 
( 3 . 2 . 17 ) and ( 3 . 2 . 1 8 ) are ; 

p(o) = 0 (3.9.99) 

p’(i) = 0 (3.9.100) 


If the nondimensionalization of w and S in this case is 
carried out with respect to 21 instead of I, then it is 
easily seen that the governing equation and the B.G.’s for 
H-H’ and F-G are identical, and hence the solution for 
P, X and e(z) . But the actual critical load for the F-C 
column will be one fourth the load for the H-H column, as 
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the eigen value X is nondimens ionalized with respect to 
(Eolo/^ ) and in this case Ii is to be replaced by 2Ii. Since 
a similar result holds for the Euler column also, the 
increase in load for the E~C column is also 21.6 percent, 
as obtained for H~H column. Eirst half of the Figure 5.2a, 
which shows modiiLus distribution for a H-H column, provides 
the corresponding distribution for the E-0 case also. 
Distribution is therefore not shown separately. 

3 . 9.5 Clamped -Clamped column 

In this case the optimality condition (3.9.90) can 
be satisfied only when curvature changes sign at some station 
Xq. This obviously means that p must change sign at . 

Since the bending moment and shear force must be continuous, 

C must vanish at x . Dow the interval 0 < x < I /2 is 
divided into two parts ~ 0 <, x < x and x <x<0.5-x. 
let the running coordinate in these regions be x^ and x^ 
and corresponding p be denoted by and p^. Using the 
relevant B.C.’s (3.2.20) and (3.2.21) and the continuity 

f 

conditions on p and p , the follov/ing five conditions can 
be stated to determine p^ > p 2 and x^ . 

P^(0) = 


0 


( 3 . 9.101 
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determined. This is easily done by using conditions (3. 9. 101 ) 
to ( 3 « 9 . 105 ). The values obtained are; 


= 0.25 j 0^=0^ c 


d^ = - X 
1 o 


jt 

0 1 

2 2 “ 32 


■5 d^ = 0 


(3.9.110) 


Using these values, p. and p„ are easily written as 


B = 1(1^ _ 

2H6 


^1 1. “I A 


(3.9.111) 


I(f 2 _ 2 s 

24 2 ^' 


0 £ x^ <. lA 


(3.9.112) 


How, using (3.9.88) and the above expressions for P^ and 
X can be written as: 


1 A . . 

2 [ / 2^6 

o 


o 1A . X 

Xi)tai + / 

O 


(3.9.113) 


x 4 dx„] 


jariying out the integration in ( 3 . 9 . 113 ) one gets 


X = 48 


(3.9.114) 


The expressions then for the modulii e^ and in the two 
regions are 


® 1 ^ A ^ 


24(|6 ~ 


(3.9.115) 
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q^U2) = 24(^ - x^) (3.9.116) 

The above ' expressions thus provide the required modulus 
distribution. It is easily seen that the maximum value of 
e v^rhich is 1.5? occurs at the clamped end, and at the point 
of symmetry (middle) ?;here = l/4, while which is zero 

occurs at the point of contraflexure x^, where the bending 
moment is zero and curvature changes sign. 

Equation (3.9.114) gives the value of nondimen- 
sionalized load virhich, obviously, is four times that for the 
H-H column. Since this is true for the Euler coliumn also, 
the increase in the critical load for G-C ends is also 21 .6 
percent . Corresponding modulus distribution is shown in 
Eiginre 5.3. 


3 . 9.4 Clamped-Hinged column 

This column, as in the case of C-C ends, is also 
characterized by a point of inflexion at x = x^ . Dividing 
the interval 0 ^1 into two parts as done for the C-C 

ends, following the same notation and using the relevant 
B.C.'s ( 3 .2.25) and (3.2.24) the following conditions can 


be stated. 
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+ P^(o) 

= 0 

(3.9.117) 

Pl{Xo) 

= 0 

( 3 . 9 . 118 ) 

pgCo) 

= 0 

(3.9.119) 

- ^0^ 

= 0 

(3.9.120) 

Pi(Xo) 

= Pg^o) 

( 3 . 9 . 121 ) 


where and ^2 governed by the Eqns . (3.9*106) and \ , 

(3.9.107) and corresponding general solutions are given by 

(3. 9. 108) and (3*9.109). Using the conditions (3.9*117) to 
(3.9.121 ), following values of the imdetermined constants 
are obtained. 


o 


X = 1 - ~ = 0.29289 

^2 

= - 2 (T ' ' ) = - 0.06066 


C ^ — ““ 


c^ = 0.06066 


(1 - X ) 


= - 0.35355 


(3.9.122a) 

(3.9.122b) 

(3^9.1223) 

(3.9.122d) 


d. 


0 


(3.9.122e)' 
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Vfith these values and following the same steps as in C-C 
case, the solution is easily obtained ass 

■ ^1 

= 0.06066(1 - £ ^-1 1. ^ 1 . ^ q ) 

(3.9.123) 

2 

X 

Po ~ ~ 0*35355x„; 0 < < 1-x (x < x < 1-x ) 

*^2 2 2' — 2— o o— — 0 

( 3 . 9 . 12-1 ) 


X 


e^ (x^ ) 
62 ( 2 : 2 ) 


1 

Xo . ^2 

/ [0.06066(1~xJ - ^]dx. + / (0.35355 x„ 

o '0 

24.73 

= X [0.06066(1 - x^) - 
= , X [ 0 . 35355 X 2 - ^] 


- ^)dX2 

(3.9.125) 

(3.9.126) 

(3.9.127) 


Equations (3.9*126) and (3*9.127) provide the optimum modulus 
distribution. It can be shown that the maximum value of e 
is 1.5455 occurring at X 2 = 0.35355 while minimum value is 
zero, occurring at the point of contraflexure (x = x^) and 
the hinged end (x =1). However, the value of e at the 
clamped end (x = O) is 1.5 which is the maximum value for 
all other B.G.'s. ffiod-ulus distribution is plotted and is 


shown in Eigure 5 . 4 . 
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iDquation (3-9.125) gives the nondimensional load 

i 

which for the corresponding Euler column is 20.19. 

This gives 


-i. _ 24.73 

'Xj; “ 20.19 


1 .2248 


(3.9.128) 


Thus, the percentage increase in load is 22.48 v/hich is 
slightly more than the increase (21 .6) for other end 


conditions . 



CHAPTER - 4 


HinASRICAL SOLUTIOHS EOR UHIEORI^I COLHIMS (v 7 ^ 1) 


4 - I Introduction 

The governing Eqn. (3.8.83) v\fhich is rewritten here 
for convenience as 


2=1 

p" + pi’+'' = 0 (4.1.1) 

for p >0, will he solved numerically for p 1 in this 
chapter. The solutions will he obtained for the same set of 
end conditions as considered in Chapter 3. Eqn. (4.1.1) is 
evidently singular for p < 1 at points where P =0 i.e. at 
the ends which are hinged or free and at the points of 
contraflexure . Experience reveals that the numerical integ- 
ration aroiind singularity needs to he done carefully. 

Section 4.2, thereforei discusses the nature and 
effect of singular behaviour. It presents a method of 
numerical approximation around the singularity. This is 
then applied in Sections 4.3 to 4.6, where solutions are 
obtained for four end conditions — H-H, E-C , C-C and 
C-H — by the method of successive iterations. Other 
numerical techniques such as partial integration and 
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Runga-Kutta were also attempted to improve the efficiency 
and are discussed in Section 4.5. 

-4.2 Singular Behaviour 

Numerical integration of (4.1.1) reveals that for 
small values of p, specially for those less than 0.1, the 
results are highly susceptible to the approximations made in 
integration near the singularity. Here even though iterative 
process for the integration converges the results may still 
he erroneous. The effect of peak; at the singularity, 
therefore, cannot he ignored and has to he determined very 
carefully. This requires investigation of analytical 

n 

behaviour of P in the neighbourhood of the singularity. 

let the singularity occur at x = 0. As in Ref. 

[12], near this point p can he expanded in a power series 
given by 

fY O 

p -x, a^x + a^x + a^x'^ + .... (4.2.2) 

where a is a fractional pov;er which should have a value 

It ? 

1 < a < 2. This will make p singular at x = 0. P , which 
represents shear force at points where slope is zero , will 
however remain finite as expected from the physical 
behaviour of the problem. Bqn. (4.1.1) can now be expanded 
in terms of x near x = 0 by using (4.2.2). As the equation 
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11 

involves p , one needs to consider only the leading term 
(x*^) in (4.2.2). Exponent a can then be determined from the 
fact that Eqn. (4. 1.1) must be satisfied at x = 0. This 
necessitates that both the terms p” and p^P“^ ^ of this 

equation must have similar behaviour in x. Enl.ln?n.ng this 
one gets 


P 


'\j 


X 


a 


Ezl 


a 

X 


Ls=ll 

p+1 


t! 

P 




X 


a-2 


(4.2.3) 


(4.2.4) 

(4.2.5) 


Equating powers of x in (4.2.4) and ( 4 . 2 . 5 ) 


a 


,, ( p "\ 

(p+'i) 


a - 2 


( 4 . 2 . 6 ) 


or a=1+p (4.2.7) 

Since 0 < p < 1, evidently 1 < a < 2. 

4.2.1 Contribution (&) due to peak 

As already stated, the results become sensitive 
to the effect of the peak for small values of p. This can 
be studied in the following manner. 
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In the small interval 0 ^ x where e is small 
and for small value of p, p can be assumed to vary linearly 
v/ith X and written asi 

p = ax (4.2.8) 


where a is a constant. One can then approximate the 
contribution (A) of the peak (Figure 4.1) ass 

2^ 




t )-1 


A = J 

c 


nP+1 _ .P+1' 


gP+l 

• (2p/p+l) 


(4.2.9) 


Here the constant a was approximated in two ways — by 

t !? 

matching either p or p at x = e. By matching p one easily 
gets, 


A 


(2p/p+1 ) 


2^ 

eP+l 


( 4 . 2 . 10 ) 


and by matching p one gets 

^ = Hp/f+Vr (4.2,11) 

Since p curve is to be approximated around x = 0 , to 
compute p at X = 0, it seems logical to use relation (4.2,11) 
which employs continuity in p" at x = h. Ibis relation, p ^ ^ 

therefore, is used in the computations done in this thesis. 

It is found that the use of (4.2.10) yields erroneous 



results if p 10.1. However for p > 0.1 both (4.2.10) and 
(4.2.11) lead to same solutions. The Eqn. (4.1.1) v/ill now 
be integrated for various end conditions. 


4.3 Hinged-Hinged Oolumn 


This requires determination of solution of Eqn. 
(4.1.1), which is rewritten here as; 

p" + = 0 (4.3.12) 

where 


r 


1 - T) 

1 + p 


for the boundary conditions 

p (0) = 0 

p’(l/2) = 0 


(4.3.13) 


(3.9.91) 

(3.9.92) 


Eqn. ( 4 . 3 . 12 ) is numerically integrated for various values 
of p ranging from 0.02 to 5 by the method of successive 
iterations. Integrating (4.3.12) with respect to x between 
the limits x to l/2 one gets: 


1/2 .. 1/2 4 

/ p dx + / p ^ dx = 0 

X X 


(4.3.14) 


using ( 3 . 9 . 92 ) , this reduces to ; 



62 


1/2 

f .-r 


P " dx 


(4.3.15) 


X 


Integrating this between the liiaits 0 to x, satisfying the 
B.G. ( 3 . 9.91 )j P(x) can be obtained as: 


P 


X 1/2 

; / 


—I? 2 

p dx 


(4.3.16) 


0 X 


With the help of (4.3.15) and (4.3.16), one can then 
establish the following iteratiwe scheme. 


^n+1 


X 


f^n+1 


o 


/ P 


X 


n+1 


1/2 

I 


- -r . 
.. Pn 


(4.3.17) 


dx = 


X 1/2 - 

/ / 

0 X 


■ dx^ (4.3.18) 


Thus the steps involved in the above iteration are: 

1 . Start with some initial function Pj 2 (x) and carry out 
the integration in ( 4 . 3 . 17 ) to determine ■ 

2. Using P^^-j carry out the integration in (4.3.18) to 
de temine Pj^^^ • 

3. Eepeat the iteration described in the above steps 
till P converges. 

Starting with practically any initial function, 
which may or may not satisfy the B.C. ’s, the convergence 
takes place in few iterations. However it is found that 
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the convergence gets slow with decreasing values of p. It 
may be noted that even though the initial function does not 
satisfy the B.G.’s, the function p obtained after each 
cycle of iteration satisfies all the B.G.’s of the problem. 
The iteration is developed in such a way that after each 
integration the highest derivative is separated and put on 
the l.H.S. of the equation obtained. It may be noted that 
each integration satisfies one of the boundary conditions 
and hence t?ro integrations are necessary to satisfy tvra 
boundary conditions . 

Integration is done by using trapezoidal rule and 
the region of integration is divided into himdred equal 
parts. Sufficiently small inteiwal was taken for proper 
rapid convergence and computations are done in double 
precision. 

Convergence of p is ensured not only by checking 
the convergence on p distribution but also by checking the 
convergence of the nondimens ional eigen value X which is 
determined from Eqn. (3 *8. 86). This is important to avoid 
premature termination. Computations reveal that convergence 
for p is in general more rapid than the convergence of X . 

Having determined P and associated X, corres- 
ponding modulus distribution;- e(x) is obtained from Eqn. 
( 3 . 8 . 82 ). 
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The solution shows a laonotonic increase in X with 
decreasing p. The associated maximuin modulus also increases 
vd-th smaller values, of p. However, as p increases and 
becomes large, eigen value X tends to the Euler load and 
modulus distribution becomes flat i.e. e(x) is nearly one. 

This is an expected result, because e is given by 

' 1 ^ 

/ eP dx = 1 (3.3.26) 

o 

The above relationship for large values of p can obviously 
be satisfied when e(x) is close to unity, v/hich refers to 
Euler column for = 1 . 

All the results are discussed and presented, later, 
in Section 5.7. 

4.4 Eree-Clamped Ool-umn 

As stated in Section (3.9.2) the solution for a 
free-clamped column can be easily obtained from the solution 
for the H-H column. The critical load is one fourth of 
the load for the H-H case and the value e(x) of the 
modulus at any station x = § for the free-clamped case 
equals the value of e(x) at x = 5/2 for the H-H 
boundary condition. 
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4.5 Qlamped-Clemiped Column 

This column, as stated in Section (3.9.5), is 
characterized by the existence of an inflexion point x^ whose 
location is also to be determined along with the solution 
of the governing Eqn. (4.1.1). Since singularity occurs at 
X = Xq (in this case for p < 1) the effect of peak is to be 
estimated on the left as well as on the right hand side of 
the singularity (Figure 4.1). The position of x^ being 
unknown, serious difficulties are encountered in arriving at 
the convergence. In order to reduce the computation time, 
three different numerical schemes — (i) partial numerical 

integration, (ii) Eunga-Kutta and (iii) successive iterations 
— vere attempted, 

4 . 5.1 Partial integration 


Problem involves the determination of the solution 
of Eqn. (4.1.1) for the B.C.’s stated in (3.9.101 )-(3:.9 .105) . 
Multiplying ( 4 . 1.1) by 2p and rewriting one gets 


P-1 

2p’p" + 2p^’' p' = 0 


(4.5.19) 


or 




0 


( 4 . 5 . 20 ) 
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How integration of this equation once w-r.t. x yields: 

2 p 

P'® + {^) ^ Oo ( + . 5 . 21 ) 


where 

is constant 
0 

of integration. Defining 



2 p 




It 

cos^ 6 (x) 1 0 > 0 

0 V / 5 Q 

(4.5.22) 






or 

pp+^ = 

+ cos 0 (x) 

( 4 . 5 . 23 ) 

where 

0 (x) is a variable to be determined as the 

solution of 

the present problem. 

Eqn. (4.5.21) gives 



'2 

P = 

(■^) sin^ 9 (x) 

(4.5.24) 

or 

1 

P = 

1 /2 

+ 0 ^ sin©(x) 

(4.5.25) 


How using (4.5.22) and ( 4 . 5 . 24 ) and setting conditions 
(3.9.101);, (3.9.102) and (3.9.104), these boundary conditions 
can he restated in terms of 9 , 


©( 0 ) = 0 

( 4 . 5 . 26 ) 

©(x^) = it /2 

(4.5.27) 

©(1/2) = % 

( 4 . 5 . 28 ) 



m 

Thus 0(x) varies from 0 to 11/2 for 0 1 x ^ and from 7t/2 

to for x^ £ X £l/2. Assuming, without any loss in 
generality, p > 0 for 0 £x£ x^ and p < 0 for < x _< l/2, 
the negative (-) sign in (4.5.23) can be dropped. Now since 
p goes on decreasing from a positive value to zero at x^ 

f 

and from zero to the maximum negative value at x = 1/2, P 
is negative throughout the domain of integration. Because 
1 sin0(x) ^ 0 for 0 ± ©(x) positive ( + ) sign in (4.5*25) 

can be dropped. Expressions for p and P can now be written 
as 

£±1 

p = [ cos0(x)] ^ ( 4 . 5 . 29 ) 

1/2 

p = - *^0 ( 4 . 5 . 30 ) 

To determine ©(x), differentiation of (4.5.22) yields: 

- 20^ cos© sin© © (4-5.31) 

Using Bqns. (4.5.22), (4.5.29) and (4.5.30), this reduces to; 

"1 fo 

©' = (^) (cos©)“'^/P ( 4 . 5 . 32 ) 

Integrating this w.r.t. x between the limits x = 0 and 
X = Xq along with condition (4.5.26) , 9(x) can be written ^ ^ 


as; 



68 


©(x) = dx; 0 £ X ^ X (4.5.33) 


constant C^ can be determined using the condition (4,5.2?) 
which yields : 




(4.5.34) 


2 J (cosO)”'^^^ dx 


Substituting this in Eqns. (4.5.32) and (4.5.33), following 
expressions for 0’ and 0(x) can be written. 


2 X 


/ (cos0)“^^^ 


( 4 . 5 . 35 ) 


0(x) 


.'/ (cos©)' 

% d 

2 X 


jt (cos©)“^'^^ dx 


; 0 < X < X 

’ — — 0 


(4.5.36) 


Eqn. ( 4 . 5 . 36 ) thus determines ©(x) for 0 < x ^ x^ for a 
given value of x^ . low, 9(x) in the region x^ £ x £x is 
obtained by integrating (4.5.35). The expression obtained 


©(x) 


-X 

IE TE O 

2 “ 2 X 

. o 


I (cos©)"*"'^^ dx 


f (cos©)""^'^^ dx 


S X < X < 

V o — — 


( 4 . 5 . 37 ) 



69 


It may be noted that by the use of (4.5.35) to get (4.5.37) 

f 

continuity of 0 and 9 is ensured at x = . This implies 

I 

continuity of p and p also. Fow the Eqn. (4.5.37) 
determines 9 (x) in the region 1. x: £ l/2 for a given 
value of x^ . The only quantity which still remains to be 
determined is x^. This is to be determined from the condition 
(4.5.28) v/hich is still to be fulfilled. This gives 

j (cosO)”"''^^ dx 

9(1/2) = Tt = ^ (4.5.38) 

/ (cos0)“^^^ dx 

0 

"^o ^ / 1 /2 A. / 

or / (cos9)~ dx + / (cos©)" dx = 0 (4.5.39) 

since Oj5.©£'rt/2forO £.x ^ x^ and Tt/2 £ © for 
x^, ^ X £ , first term in (4.5.39) is positive and the second 
is negative. We have- thus obtained all the relevant 
relations (4.5.36), (4.5*37) and(4.5.39) to set up iterative 
scheme to determine 0 and hence p, X and e(x). The steps 
involved, therefore, are: 

1. Choose an initial value for x^ , say, 0.25. This appears 
to be a reasonable value as the location of the point 
of inflexion is not expected to vary considerably 
with p. 



TO 


2, Select an initial function such, that it varies 

from 0 to 7t/2 for 0 £x <_ and is greater than it/2 

in the region 3:^1. x <_l/2. This ensures G > ^/2 for 
Xq X <_ 1/2 in all the subsequent iterations. 

3. Determine Qj 3 _ 4 .i(x) for the next cycle of iteration from 
the following expressions which are written from 
(4.5.36) and (4.5.37) 



4. Using the new value of 0(x) i.e. 0^^^(x), repeat the 
step 3j till convergence on 9 is attained. 

5. Now check if the determined value of 9 satisfies Eqn. 
( 4 . 5 . 39 ). Tf if is not satisfied, suitably select 
another value of x^ and repeat the steps 2 to 4 till 
the simultaneous convergence on 9 and x^ is obtained. 
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Selection of initial x 
— ■ ~o 

To select this suitable value of x , two methods 

o 

(a) Newton-Raphson and (b) successive increments, were 
employed. 


4. 5. 1.1 Rewton-Raphson 


Denoting L.H.S. of (4.5.39) by R(x^) for thb' 
i+1 

value of j x^ can be determined from the follov^ring 


X 


j+1 


x^ - — r 
o , d 


P(x^) 


, R(x )i j 

<5*0 °)*e=’"o 


(4.5.42) 


where 


x'^ 

,0 


R(x^) = / (cosO)"^'^^ dx + / (cos©) 


1/2 


-1/p 


dx 


r3- 


(4.5.43) 


i+ii ~ 0 

It was however discovered that some times x^ - x^ is 
so large that the convergence on the value , of x^ does not 
take place . This scheme finally did not work for the 
present problem and so was abandoned. 


4. 5. 1.2 Incremental steps 

In this method, starting with some initial value 
of x^ , R (x^ ) defined in (4.5.43), is computed . mue of 
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is then increased or decreased by suitably fixed intervals 
and at each stage is determined. This is carried 

out till, for two successive values of , PCx^) changes 
sign. Using linear interpolation the n&rr value of x^ is 
determined. The value of I'(x^) is checked to see if it 
meets termination criterion. Mostly it does. If termination 
criterion is not met by this value of x , another value is 
determined in the manner explained. The, process is repeated, 
till the convergence on x^ is reached. 

4. 5 . 1.3 Comments on the method of partial integration 

The method involves, unlike the method of successive 
iterations, only one integration in the iterative process 
and so is expected to be faster from the convergence point 
of view. However it does not happen. This is perhaps due 
to the existence of singiHarity at the inflexion point . Ho 
matter how carefully, the approximations are made in the 
region around singularity, Eqn. (4.5.39) could not be 
satisfied within reasonable limits . Prom academic point of 
view, the method was applied to the hinged-hinged B.C. ’s 
also. It was found that it miserably failed, whereas the 
method of successive iterations, as already shown, works 
pretty well. Thus this innocent looking method had to be 
abandoned . 
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4.5.2 Rimga-Kutta method 


Dividing the region of integration into two parts 
as done in Section (3.9.3) and using the same notation, the 
governing equation and the B.C«'s in the two regions can be 
restated as: 




+ P 



1 




(4.5.44) 


ti p+1 

P2 + P2 = ^o— 

Pt(o) = 0 
Pt(^,) = 0 
62(0) = 0 

P 2(0.5 - x^) = 0 
p!J(x^) = p2(0) 


( 4 . 5 . 45 ) 

( 3 . 9 . 101 ) 

( 3 . 9 . 102 ) 

( 3 . 9 . 103 ) 

( 3 . 9 . 104 ) 

(3.9.105) 


Eqns. ( 4 . 5 . 44 ) and (4.5.45) are integrated by using qiiartic 
Eunga-Kutta method. Since only one initial condition is 
specified for p^ , the other initial condition is obtained 
by using Newton-Raphson technique which involves integration 
of one more equation. The method is a standard one and is 
given below. 
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Let the unknown initial condition on be 

P^( 0 ) = a ( 4 . 5 . 46 ) 

Differentiating Eqns. (4.5.44), (4.5.46) and (3. 9. 101 ) 
partially with respect to a, one gets; 


P-t + ( 




1 q, ‘ ^p+f^ h 


P+1 


0 


a 


(4.5.47) 


R (0) 
'a 


^1- 


p.1 ( 0 ) 


0 


a 


( 4 . 5 . 48 ) 

( 4 . 5 . 49 ) 


where denotes partial derivative of p. vT.r.t. oc. 

‘a ' 

Ifow for the given value of , a is to be 
determined such that the condition (3-9.102) is satisfied. 
This is obtained from Kewton-Eaphson technique. If oc^ and 
are the values of a for the n and n+1 iteration, 

then 


'n+1 


= «n “ 


Pj_(^ 

P^T^ 

'a ° 


(4.5.50) 


Now, once a is deteimined, the solution for Pg is obtained 
in one step as the initial conditions for Pg are kno?n. from 
the conditions (3.9.103) and ( 3 . 9.105). Inflexion point 
location, x^ , is then obtained by satisfying the condition 

(3.9.104), ) 
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The steps of iteration can now be outlined as s 

1. Assume a suitable value of x which was taken to be I/ 4 . 

o 

2. Choose a value of a (say a^) and integrate the Eqn. 
( 4 . 5 . 44 ) using the condition (3.9.101). 

3 . Using the solution for obtained in step 2, integrate 

the Bqn. (4.5.47) for p. for the initial conditions 

' a 

(4.5.48) and (4.5.49). 

4 . Uov/ determine from (4.5.50). 

5 . Repeat the steps 2 to 4, with this new value of a, 
till a converges . 

6. Using the value of p^(x^) from step 2 and using the 
initial conditions (3*9.103) and (3*9.105) integrate 
the Eqn. (4.5.45) for § 2 ’ 

7. Uov/ check if the condition (3.9.104) is satisfied. If 
not, using the method of incremental steps outlined in 
Section (4.5.1), determine new x^ and repeat the above 
steps . 

8. The process is to be continued till convergence on x^ 
is achieved . 

Having determined p and x^ , X 
from Eqns , ( 3 . 8 .86) and (3.8.82). 


and e are determined 
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4. 5. 2.1 Comments on the method 

The method worked quite satisfactorily for p > 1 . 

Convergence is very fast and the results agree with those 

obtained by the method of successive iterations. Ho?/ever 

the method fails for p < 1. Specially for p f.0.4, the method 

completely breaks down. This ha.ppens perhaps due to the 

fact that the governing Eqns. (4.5.44), (4.5.45) and ( 4 . 5 . 47 ) 

for Pg and p^ respectively are singular. Despite 

approximating p.? p„ and p. in various ways near the 

‘ ^ ‘a 

singularity, the method did not work. And hence, this method 
was also abandoned. Dinally, the method of successive 
iterations, which is discussed now, worked and has been used 
in all the problems treated in this thesis . 

4 . 5.3 Method of successive iterations 

Integrating Eqn. (4-5.44) once w.r.t. between 
the limits 0 to x^ and using the condition (3.9.101), one 
gets: 

P^ = - / plj"^ dx^ (4.5.51) 

o 

where r is defined in (4.3.13). At x = x^ , Eqn. (4.5.51)» 
therefore, yields : 
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X 

' / s <• ° -r 

P^CXq) = - / P dx. (4.5.52) 

0 

Now integration of (4.5.51) between the limits x^ to x^ , 
along with the condition (3.9.102), yields the follo^dng 
expression for p^. 

0 - 1 _-p p 

P-t = / / P-t^ < 3 -^ ; 0 £ ^-1 1 (4.5.53) 

x^ o 10 

Integrating Eqn. (4-5.45) v^.r.t. X 2 between the limits 0 to 
X 2 ajtid using Egns. (3.9.105) and (4.5.52), P 2 is obtained 
as: 

, ^0 _ ^2 _ 

p2 = “ / P^"^ dX2 ( 4 . 5 . 54 ) 

o o 

Integrating the above equation again between the limits 0 
to X 2 and using the condition (3.9.103), expression for P 2 
is obtained as: 



0 <X 2 l 0 . 5 -x^ (4.5.55) 

The condition (3.9.104) , which has not been satisfied so 
far can be incorporated in (4.5.54) to determine x^ . 



0 


(4.5.56) 


0.5 - X 

f ~X t ^ — T 

/ dx. + / Pp^ dXp = 

All the relevant expressions which take care of all 

the B.G.’s of the problem are thus established. The iteration 

can now be outlined. 

Steps in Iteration 

1 . Select a suitable value of x . 

o 

2. Choose initial starting functions and P^. The 
functions corresponding to p = 1 , for ?/hich the analy- 
tical solution is obtained in Section (3-9.3) » s^re 
selected as the initial functions. This ensures that 

> 0 and pp < 0. 

3. Determine new values of p.| and Pp from (4.5.53) and 
(4.5.55). 

4. With these new values of p^ and Pp repeat the step 3 
until pj and pp converge. To check the convergence 
compute X in each cycle of iteration. Stop iteration 
when the percentage difference in the values of 'X for 
two consecutive cycles falls below a preassigned small 
value e . One thus gets the solution of the problem for 
a given which is still to be determined. 
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5. Check, now, if the Eq_n. (4.5 =56) is satisfied. If not, 
use method of incremental steps to determine i.e. 
take a nev^r value of and repeat the steps 2 to 4 till 
the simultaneous convergence on p and x^ is achieved. 
One then gets a numerical solution of the governing 
equation for the prescribed B.C.’s. 


Expressions for ^ and e(x) 


Equations to determine the eigen value X and the 
modulus e(x) can now be easily written from (3.8.86) and 
(3.8.82) . 


X = [2 


e^(x^) = 

egCxp = 


X 


/ (p;) 


2nP+T 


X { ; 


_-e_ 

UphP-"’ ; 


P _1 

dx^ + 2 J dX2] P (4.5.57) 

o 

0<_x^^x^ (0<_x;^x^) (4.5. 58-) 

0 < Xo < 0.5-x (x < x< 0.5-x ) 

— 2— 00 — o 

(4.5.59) 


where e^(x^) and correspond to modulus distribution 

e(x) in the regions governed by x.j and Xg respectively. 
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4»5«3.1 Comments on the method 

The method is Tery efficient.. Convergence is rapid 
for p having values close to unity. Numher of iterations 
increases considerably as p is reduced from 1 to 0.05. In. 
all the cases termination condition (4.5.56) could be met 
practically to arjy degree of accuracy. The method is thus 
definitely superior to the method of partial integration 
where it becomes very difficult to satisfy similar termination 
criterion. 

It may be stated here that, in all the cases, 
inflexion point location x„ remains fixed at x = l/4. In 
other words, inflexion point location for optimal columns 
considered here, is invariant irrespective of the values of 
p and q. They occur at a distance of l/4 from each of the 
clamped ends. Since this is not known apriori, one is 
likely to determine x^ numerically by initially selecting a 
value wrhich is not exactly l/4. Numerical experience 
reveals that it is practically impossible to reach this 
value by starting from any other value of x^ . Fumerical 
instabilities are encountered and it is very hard to 
satisfy termination criterion. Unfortunately the method 
of partial integration and Runga-Kutta method discussed 
in Sections 4.5.1 and 4.5.2 did not work even with x = l/4. 

■ ■ ^ I 0 
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Eunga-Kutta method , though worked for p > 0 but did.; not 
meet the termination criterion as accurately as the method 
of successive iterations. 

All the computations have been performed in double 
precision by dividing the region of integration into two 
hundred parts. The general nature of the solution is. the 
same as that obtained for p = 1 in Section 3*9.3. Eesults 
are discussed and presented in Section 5.7 where uniform 
and tapered columns are discussed simultaneously. 

4.6 Glamped-Hinged Column 

Since a clamped-hinged column is also characterized 
by an inflexion point, z^, Eqns. (4*5.44) and (4*5.45) are 
to be solved in this case for the B.C.’s stated in (3*9*117) 
to (3*9*121). Method of successive iterations is now 
applied to determine and p^* 

Integration of (4*5*44) between the limits 0 to x-j 

yields : 

^1 

p^(x^) - p^(0) + / P^^. dx.^ =0 (4.6.61) 

o . 

Integrating 'this once again between the limits x.| "fco 
and using (3*9.118), one gets; 
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0 1 


p^(x^) = - (x^ - x^) P^(0) + J / dx^ 


x^ o 


(4.6.62) 


Using condition (3.9.117), this reduces to 


^1 


P^(x^) = (x^ - X^) P^(0) + / / p“^ dx^ 


X^ o 


(4.6.63) 


and hence 


P^( 0 ) = - p^(o) 


X x^ 

° ^ -T 2 

/ / P-1 dx? 

O 0 - 


(4.6.64) 


Substituting for P-|(0) in (4.6.63), following relation for 
p^ is obtained. 


P-| (x^ ) 


X X. 

^0 - ^1 „-r , 2 

1 - X 


X X. 

.0 ,1 


J / P^J"^ dx^ + ! ! P^^ dx^ (4.6.65) 


00 o 


x^ o 


Expression for p2^^2^ 


Integrating (4.5«45) between 0 to x^ and using 
( 3 . 9 . 121 ) and ( 4 . 6 . 64 ), P2^^2^ obtained as: 


^0 ^1 


-r , 2 


p2(x2) 


J / dx' 


1 ^2 

° 

o o 


(4.6.66) 
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This together with (3.8.119) yields: 

Xi 

J dx^ - 

O 0 O - “ 

Determination of x 
o 

■ Sqns . ( 4 . 6 . 65 ) and (4.6.6?) determine p(x) for a 
specified x^ which can he determined by satisfying the 
remaining B.C. (3.9.120). This gives 

FU) = - ?p:^ax2+ /°r%:"-ax2 = o 

0 0 0 0 

( 4 . 6 . 68 ) 

Thus Eqns, (4. .6, 65), (4.6.6?) and ( 4 . 6 . 68 ) define 
relevant steps to determine the iterative solution for P(x). 

This scheme, however, does not work because condition ( 4 . 6 . 68 ) 
cannot be met for all values of p. The method has been 
developed in such a way that all the equations and conditions 
except the condition of zero moment, which is used to 
determine x^ , at the hinged end are satisfied exactly. During 
computations and p^ are kept positive and negative 
respectively. For a particular value of x^, in some cases, 
it is found that P2(1~2:^) comes out to be positive. This 
means, singularity which is supposed to occur at the hinged 




/ p:^ dx2 


( 4 . 6 . 6 ?) 






—12 
(T-x; ) 


X 

I 

/ 
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end occurs earlier. This creates serious numerical problems 
as one not only needs to determine contributions, A^, 

and A^, due to the peaks (Figure 4.1e) but also another 
contribution, A^, at the right hand side of second singu- 
larity which should occur exactly at the hinged end. Since 
it is cumbersome to incorporate A^ in the iterative process, 
the above scheme had to be abandoned. 


4»6.1 Alternative scheme 

This scheme attempts to satisfy the zero moment 

condition at the hinged end exactly and the condition of 

! 

continuity of P at x = x^ approximately. 


Integration of ( 5 . 4 . 45 ), twice, and use of (3.9.119) 


gives : 


^2 ” 

0 


(4.6.69) 


^ 2 ^^ 2 ^ - (1 


1-x x„ 

' . ° ,2 p 

X. - Xo) pp( 0 ) + / / §2 ^^2 


o ^ 2 " ^ 2 ' 


X 2 0 


0 


( 4 . 6 . 70 ) 


Hence the condition (3.9.120) determines p2(0) andp 2 ^^ 2 ^' 


Po(0) 


^”^0 ^2 

1 f- ° r o -r ,2 

1.-X J J ^ 2 

00 o 


( 4 . 6 . 71 ) 
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(1-x -x„) ^2 o ^2 o 

p 2(^2) ~ “ ~ n‘Ix '} — ^ ^ ^2^ ^'^2 ^ ^ ^2^ *^^2 

0 0 0 X 2 o 

(4.6.72) 

It is evident froni (4.6.72) that 
are zero. Thus by chosing p 2 (x 2 ) initially as a negative 
function, it always remains negative at every stage of 
iteration. 


Determination of x 

o 

Condition (3.9.121) will now be applied to 
determine x^ . Using ( 4 , 6 . 64 ) and (4.6.71) it can be restated 
as : 




Pi (^o^ + ^^2^^^^ “ 


1-x 


^o 

[ / / 


o 


p-r , 2 

dx^ 



(4.6.73) 


It may be noted that p^ being positive and P^ 
being negative, first integral in (4.6.73) is positive and 
the second one is negative, ■ 
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4-6.2 Steps in iteration 

Equations ( 4 . 6 . 65 ), (4.6.72) and (4.6.73) proTide 
the relevant steps in the iterative process to determine the 
solution for P(x) . These may be stated as: 

1. Choose a suitable value of . The value (x^ = 0.29289) 
obtained for the case p = 1 serves as a good starting 

po int . 

2. Choose initial functions p^(x^) and such that 

> 0 and Pg 6). Solution for p = 1 provides a good 
initial guess. 

3 . Using these functions determine new p^(x^) and p 2 (x^) . 
from ( 4 . 6 . 65 ) and (4.6.72) and continue iteration till 
the convergence takes place . To avoid premature 
termination convergence is sought on the eigen value X . 

4 . Uow check if the Eqn. (4.6.73) is satisfied. This 
ensures that the chosen value of x^ and the solution 
obtained satisfy the condition of continuity of shear 
force at the inflexion point. If it is so, the 
iteration is to be stopped. Otherwise a new value of 

x^ is selected and above steps are then repeated. Method 
of incremental steps is used to select x^ . Besides , 
to avoid premature termination instead of applying 
the criterion iE(x^)| < e, the following condition 5 

is used. 
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(4.6.74) 


4.6.3 Expressions for X and e(x) 

Once the solution for p is determined, X and e(x) 
are easily obtained from (3.8.86) and (3.8.82). 

= C / ° dx^ + / ° ^ (4.6-.75) 


j^(x^) = x(p^)^’^'' ; 0 £ x^ £ x^ (0 12C £x^) 


(4.6.76) 


= ^(p^)^^'' I 0 £ X2 £ 1-x^ (2 Cq <. X £ 1) (4.6.77) 


The solution is determined for various values of p 
ranging from 0.05 to 5. Eigen value X, percent increase in 
load and the inflexion point location are available in 
Tables 5.3 and 5.4 and Figure 5.1b. Corresponding modulus 
distribution is given in Table 5.7 and Figure 5.4. -4 

discussion on results is presented later in Section 5.7. 




CHAPTER - 5 


TAPEBED-HOmOMOGEHEOUS GOIIBIHS 

5.1 Introduction 

In the present chapter, tapered colimins are 
inYestigated for the maximum critical load. Unlike the 
uniform columns discussed in Chapters: 3 and 4, tapered 
columns are generally characterized hy the three design 
variables — cross~sectional area, modulus and density. 

As stated earlier in Sections 1.3 and 3.3, it is not 
feasible to consider these as independent variabPes. And 
so, only two independent variables e and R defined in 
(3.2.7) are considered here. 

Essentially the approach for investigating tapered 
columns is the same as that for uniform column«,,the only 
difference being the introduction of an additional design 
variable and a constraint. 

The problem is stated in Section 5.2. Optimality 
conditions and governing equations are derived in Section 
5.3. Analytical and numerical results are obtained in 
Sections 5.4 and 5.5 for various types of end fixities. 
Section 5 .6 provides interpretation of e and p for tapered 
colixmns and Section 5.7 offers discussion and comments on 
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?/here the variables 0, h and e are defined in (3»2.7) and 
and state the boundary conditions . 


5.3 Necessary Conditions and the Q-overninia: Equation 


I’ollowing the steps in Section 3.6, Eqns. (2.3.12) 
to (2.3.18) can be easily applied to derive the necessary 
conditions . Defining 


7^=0 (5.3.2) 

72 = 0' (5.3.3) 


equilibrium equation (3.2.8) is represented by the following 
two first order equations . ■ 


y^ = yg = =^1 (5.3.4) 

72 = “ X T)"^ e“V-] = ^2 ( 5 . 3 . 5 ) 

Now using Eqns. (3.3.26), (3.5.33), (3.5.34), (5.3.4) and 
( 5 . 3 . 5 ), augmented functional J can be written as: 


J 


= .lyiSi + 
. 1=1 


1 2 , - 

XqP + . y Xj_(x)(y, - f^) 
) X=1 


+ Y 3 (e^ - 1 )]dx ( 5 . 3 . 6 ) 

Eunctions G and H, defined in (2.3.9) and (2,3.10) are 
easily obtained from (5.3.6). 
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& = Y-jg-l + Y2g2 ' (5.3.7) 

H = - \ Y^(eP-l) 

•« 

or H = - X 2 X e"‘T]“^y^ - xjl (5-3.8) 

Necess9.ry conditions 

Applying equations (2.3.12) and (2.3.13) to the 
function H defined in (5.3.8), following equations are 
obtained. 


h - - sy, - "2"*= ” 

(5.3.9) 

xl - _ ■ 

^ ~ 97 p ■ " n 

(5.3.10) 

f = X 2<1 xe--" y, : X^ = 0 

(5.3.11 ) 

H = XjXe^n'V, -Y 3 PeP'' = 0 

(5.3.12) 

» t 

Differentiating X 2 once and then substituting 

one easily gets; 

from ( 5 . 3 . 9 ) 

+ X e"”* 1}”'^ X 2 = 0 

(5.3.13) 


How, since the form of function G defined in (5.3.7) is tho 
same as that in (3.6.42) for the uniform column, the 
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equations obtained in Section 3*7 are applicable here also. 
Boundary conditions on are thus the same as those on 0 
for each set of end conditions, From Eqn. (5.3.13) it is 
obvious that X^ and ^ are governed by the same differential 
equation also . It thus easily follows that X^ and ^ are 
related through a constant. Hence 

X2 = (5.3.14) 


Ontimality condition 

Using .( 5 . 3 . 2 ) and (5.3.14) in (5.3.11) and (5-3.12) 


following relations are obtained. 




e U 


,1+q 


K q X 


(5.3.15) 




jP+1 t)U 


I2L 

KX 


(5.3.16) 


Eqns. ( 5 . 3 . 15 ) and (5.3.16) establish relationships between 
the design variables e and U and the state variable 0 . 

Ihese may be termed as the optimalit:/ conditions . Eliminating 
0 one gets the following relationship between the variables 
e and U. 

X n 


§1 

n 


7 ^ PQ. 


(5.3.17) 
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Integrating (5.3.17) and using (3.3.26) and (5.2.1) 
with m = 1, one getss 


1 


/ dx = 


1 


'"Of 

YZm ' ’’ 

3 0 


(5.3.18) 


or 






= 1 


(5.3.19) 


Hence (5.3.17) yields 


T] = 


(5.3.20; 


Substitution of r) from (5.3.20) into (5.3.15), yields; 


1! 


1+p+pq 


^o 

Kqx 


(5.3.21) 


_E. 


or 




(5.3.22) 


Now, redefining (assuming K 0) 


= (^) 0 
A 
0 


( 5 . 3 . 23 ) 


Eqn. ( 5 . 3 . 22 ) reduces to 


jp' ^ (X ti)2)i+p+pq 


( 5 . 3 . 24 ) 
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Now su'bs'ti'buting for e and t) in terms of 4* , ty using Eqns. 

(5.3*20), ( 5 . 3 . 23 ) and (5.3.24), the Eqn. (3.2.8) can be 

rewritten in terms of only one variable 4 . 


or 


4" + X . (X . ( X 4,2^ ( 1 +P+P 9 ) ^ = 0 

(5.3.25) 

P 

4," + = 0 ( 5 . 3 . 26 ) 

(i|)2)'<+P+P<l 


Eqn. (5.3.26) can be further simplified by making the 
transformation 


^ ^ ^2(l+pq) p 

which reduces this to 

P" — OiSE = ° 

(p2)1+p+pq 

Eqn. (5.3.28) is thus the governing equation in one variable 
P which is proportional to bending moment. This is to be 
solved for appropriate boimdary conditions , representing 
the end fixities. 


% 

\ 
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Expressions for e, 'H and X 


Substitution of ^ from (5.3.2?) into (5.3.24) 


yields 


1 -fp+pq 




jP ^ ( x1+Pl ^ p2^1+p+pq 


(5.3.29) 


or 


n 


eP = X 


1+P9 ^ (p2)'i+p+pq 


(5.3.30) 


or 


( L.) ! 

^ M+pq^ _ (p2^1+p+pq 


(5.3.31 


Integrating (5.3.30) and using (3.3*26), one easily gets: 


- (4^) 


[ / ax] P 


(5.3.32) 


Once p is determined from the solution of Eqn. (5.3.28), 
eigen value X representing the nondime ns ional critical load , 
is determined from (5.3.32). Variable e is then obtained 
from ( 5 . 3 . 31 )» and since t) and e are related, P is determined 
from the Eqn, (5.3.20). 

5.3.1 Special case, q = 0 

( 5 . 3 . 32 ) and ( 5 . 3 . 31 ) reduce to 
the following Eqns. for q = 0 
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n 

P + 




i_ 

2 \ 1+p 


0 


(P") 


X = [/ 

O 


dx] 


• 1/p 


1 


e = X(P‘") 


1+p 


(5.3.33) 

(5.3.34) 

(5.3.35) 


It is interesting to note that these equations are the same 
as those obtained in Section 3.8 for a uniform column. 

Hence the governing equations for the tapered columns can bo 
easily applied to get the corresponding equations for the 
uniform column for v/hich q = 0. Here it is a fortunate 
situation. But it may not be true always, since the number 
of constraints and the variables is not the same for uniform 
and tapered columns. It will be se'en later in Section 7.5, 
while investigating optimal vibrating beams, that the 
equations for uniform beam cannot be obtained by putting 
q = 0 in the Bqns. for the tapered beam. 

5.4 Analytical Solutions 

Rewriting the governing Eqn. (5.3.28) as; 

/ U-l-pq -' 

^ = 0 3(5.4.36) 



p + r"" = 0 


(5.4.37) 


where 


r = 


1+pq+p 


(5.4.38) 


It is evident that Eqn. (5.4.37) is singular for all values 
of p as q ^ 1 . This singular behaviour as stated in Section 
(4.2) creates numerical difficulties and is crucial to get 
the correct results. Still for p = 1, the singularity is 
integrable and analytical solutions can be obtained. 
Substituting p = 1 in (5.4.36), it reduces toi 


'(^^) 


p" + P '2+q' ^ 0 


(5.4.39) 


Multiplication by P give.s; 


2p’ p" + 2p = 0 


(5.4.40) 


k i = 0 


(5.4.41) 


Integration of (5.4.41) between 0 to x yields 


+ (q+2)' = (q+2)G^ 


(5.4.42) 
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where C is the constant of integration. Fow it is convenient 
to express p in terms of a parameter 9 (x) by the following 
transformation. 

2 

p 2 +q _ ^2 • ( 5 , 4 . 43 ) 

or P = ± [C sin©(x)]‘^^^ (5.4.44) 

Introducing p from ( 5 . 4 . 43 ) in terms of 9 , Eqn. 
(5.4.42) reduces to 

p^ = (q+2) cos^e(x) ( 5 . 4 . 45 ) 

! -4 

or P = ± Cl (q+ 2 )) cosO(x) (5.4.46) 

Differentiation in (5.4.44) yields another expression for 

f 

P . 

P = ± (q+ 2 ) [C sin©(x)]'^'^^ C cos 9 (x) (5.4.47) 

It may be stated here that in Iqns . ( 5 . 4 . 44 ), 

(5.4.46) and (5.4.47) only + sign is to be used for odd 
values of q and + sign for even values. Besides + sign is 
to be used in the region before the inflexion point and 
- sign after the inflexion point. It is necessary to do 
this to take care of the change in sign of .p at the inflexion 
point for clamped-clamped and clamped-hinged end conditions. 
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Eliminating p from (5.4.46) and (5.4.47) following 
equation in 9 is obtained # 

VW [0 sinS(x)]‘l+^ II = 1 C5.4.48) 

or (sin©)'^'*'' d© = ^ dx (5*4.49) 

Vq+2 

Integrating this between 0 to x 

/ (sinG)^’^'* d9 = ^T;^ ^ (5.4.50) 

Eqn. ( 5 . 4 . 50 ), now has to be integrated separately for 
different walues of q. Doing this and rewriting (5.4.44) 
and ( 5 . 4 . 46 ) for different -values of q, following expressions 
are obtained . 

( 5 . 4 . 51 ) 

( 5 . 4 . 52 ) 

( 5 . 4 . 53 ) 

(5.4.54) 


Case' 1 ; q g 1 

- j sin20 + I = - T sin20(0) + 

4 2 4 2 q2 

P = sin^9 
p = ^3 G COS0 

Case 2; q = 2 

cos^G - 3cos9 = cos^©(0) - 3cos9(0) + x 

20 ^ 
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P = + sin^^O 

P = + 2C COS 0 

■- Qi-as^ 3» q = 3 

sin4Q sin2Q 36 _ 

32 *" 4 8 

p = 0^ sin^O 

P =^5 0 cos© 


(5=4.55) 

(5=4.56) 

sin46(0) sin2Q(0) 36(0) , x 

32 - 4 8 ^5 (.4 

(5.4.57) 

(5.4.58) 

(5.4.59) 


Here ©(O) is another constant of integration which may he 
interpreted as the value of 6 at x = 0. Eqns. (5.4.51), 
( 5 . 4 . 54 ) and ( 5 . 4 . 57 ), thus involve two constants C and 
©( 0 ) which are to he determined from the boundary conditions. 

Since there is hardly any difference in the 
approach to get the solution for different values of q, the 
detailed solution is therefore presented for q = 2 only. 

Solutions for q = 2 

5 . 4.1 Hinged-Hinged column 

The appropriate Eqns. and the B.C.'s for a H-H 


colximn are; 
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cos^O - 5cos© = cos^©(0) - 3cos©(0) + -^ x (5.4.54) 

20 ^ 

p = sin^© (5.4.55) 

p' = 2C cos© (5.4.56) 

P(0) = 0 (3.9.91) 

p'(l/2) = 0 (3.9.92) 


Boimdaiy conditions (3.9.91) and (3.9.92) evidently imply;. 

0(0) = 0 (5.4.60) 

©(1/2) = It (5.4.61) 

Eqns. (5.4.34) and (5.4.61) together determine C as; 

C = (3/8)'^/^ (5.4.62) 


and hence p and 


reduce to ; 


- (^) 
- KqJ 


4/3 


4 

sin © 


P 


= 2 . (|) 


1/3 


cos© 


(5.4.63) 


(5.4.64) 


Expressions for 6. e, t) and X 

Substitution of C and ©(0) in (5.4.54), yields 
the following equation to determine ©. 
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cos'^G 

- 3C0S0 : 

= 2(2x - 1) 

(5.4.65) 

Rewriting of the Eqns. (5 

. 3 . 20 ), ( 5 . 3 . 51 ) 

and ( 5 . 3 . 32 ) for 

p = 1 and q = 2 

gives s 



V 

= e = 


( 5 . 4 . 66 ) 

X 

1 

= [ / ( 

dxr^ 

(5.4.67) 


o 


Since p is determined in terms of ©, (5.4.67) can "be 
rewritten as : 

X = [2 ii * ^ (5.4.68) 

Substituting for p from (5.4.55) and ^ from ( 5 . 4 . 48 ) in 

( 5 . 4 . 68 ) 

X = [4c 5 f sin^e ae]-5 = ^ (f)'* (if)'' = ^ 

(5.4.69) 

Expressions for T) and e are now easily obtained from (5.4.63) 
and (5.4.67) 

10c V3 , 2/3 p 

ri = e = (-^) . (!■) sin'^O (5.4.70) 


or 


Ti 


e. 


1 .25 sin^G 


(5.4.71) 
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Equation (5»4.71) provides the optimal modulus and cross- 

sectional area distributions and Eqn. (5. 4-. 69) yields the 

corresponding critical load. Comparing this with the Euler 
2 

load which is n , the increase in load is 40.8 percent. 

Maxim-um value of t) is 1.25 which in the case of 
tapered homogeneous column^ is 1.33. This is expected 
because maximum modulus and area occur at the same station; 
and so the additional stiffness is provided by the increase 
jn modulus. Distribution of e, which is same as here, 
is shown in Eigure 5.5b. 

5.4.2 Eree-Clamped column 

As stated in Section (3.9.2) e and h distributions 
for a free-clamped column can be easily obtained from the 
solution for the H-H case . The critical load is one fourth 
the load for H-H column but the percent increase in the 
load is the same in both the cases (40,8). 

5.4.3 Clamped -Clamped column 

Since C-C column is characterized by an inflexion 
point, where p changes sign, at x = , the region of h ^ 

integration 0 £x £ l/2 is divided into two parts — 

0 < X < X and x < x < 1/2. Defining the variables and 

— — O Q — — /• , O 
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the undetermined constants as done in Section 3.9 , the 
folloviring appropriate equations and the boundary conditions 
can be sta.ted. 


^4 , 4 

P-j = 0^ sin 9 ^ 


( 5 . 4 . 72 ) 

p2 = - ^2 


( 5 . 4 . 73 ) 

3cos0. = cos^e. (0) - 3cos©.(0) 

^ 1 

4. -2,-. 3^; ^ 

20? ^ 

1 

( 5 . 4 . 74 ) 

= - 20^ cosG^ 


( 5 . 4 . 75 ) 

Pg = - 20^ cos©2 


( 5 . 4 . 76 ) 

P^(0^ = 0 


(3.9.101) 

P^(Xo) = 0 


(3.9.102) 

PgCo) = 0 


(3.9.103) 

P^^O.S - x^) = 0 


(3.9.104) 

P^(Xo) = P'CO) 


(3.9.105) 


where i varies from 1 to 2 and the running coordinates 
0 < < X and 0 < x^ < 0 . 5 -x in the two regions correspond 

to G <.x and x^;f_ x £ 0,5 respectively. Above equations 

easily give the following values of 0 ^^ at the end points 
of the two regions. 
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0^(0) = it/2 

©lUo) = « 

©2(0) = ^ 
©2(0.5-x^) = 3V2 


(5.4.77) 

(5.4.78) 

(5.4.79) 

(5.4.80) 


Satisfying (5.4.74) at x = and x = 1/2 and using the 
continuity condition (3.9.105) on P , x^,C^ and are easily 
determined . 

x^ = 1/4 (5.4.81) 

1/3 

= -02 = (y|) (5.4.82) 

It may be stated here that, in a similar way, x was 
detejcmined for q = 2 and q = 3 also and it was found that it 
remains the same. In other words, inflexion point location 
does not change with q. 

Inserting the constants thus determined, in the 
Eqn. ( 5 . 4 . 74 ), the following expressions are obtained. 

cos^O/ - 3 cos©^ - 8 x ^1 0 £ ^ 1/4 ( 5 . 4 . 83 ) 

cos^Gg - 3 cos©2 = 2 - 8 X 2 ? 0 < X 2 5.1/4 (5.4.84) 

It may be stated that the above cubic, equations can be 
solved exactly. 
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Expressions for e, 11 and X 

Using (5»4.67 )j X can be determined in the 
following manner. 


-1/3 


1/4 ^ 

2 / (P^) 


1/4 


2 '’/^ ax^ + 2 r 

o 


dx. 


= 2 


% 


71/2 


(p2)V4 ^ 

V dO 


^ d©^ + 2 / (pp 

1 % 


,n/2 

dQo 2 



64 p3 

- T5 

Inserting from (5.4.82)| one gets: 


X 




500 

9 


(5.4.85) 


(5.4.86) 


Eqn. ( 5 . 4 . 66 ) together with (5-4.86), (5.4.83) and 

( 5 . 4 . 84 ) yields desired relations to determine e and U. 

= 1.25 sin^©^ , i = 1,2 (5-4.87) 

Eqn. ( 5 . 4 * 86 ), here, determines critical load 
which is four times the load for the H-H column. Since 
this is true even for the Euler column, the percentage 
increase in load in this case is also 40.8 as obtained in 



Section 5 •4.1. Similarly Eqn. (5.4*87) provides the optimal 
modulus and area distributions whose maximum value is 1 .25» 
which is the same as that for the hinged-hinged column. 
Distribution of o(n) is shown in Figure 5.7b. 

5*4.4 Clamoed-Hinged columns 

These columns are also characterized by an inflexion 
point at X = x^ . Following the steps in Sections (3.9.4) 
and ( 5 . 4 . 3 ) j it is evident that Eqns, (5*4.72) to (5.4.76) 
are applicable in this case also. The appropriate boundary 
conditions are stated in Eqns. (3.9*117) to (3.9.121) which 
are rewritten below for convenience. 


P^Co) + P^(o) = 0 

(3.9.117) 

PiCXq) = 0 

(3. 9. 118 ) 

PgCo) = 0 

(3.9.119) 

Pgd-x^) = 0 

(3.9.120) 

P^(x_^) = P2(0) 

(3.9.121) 


Boundary conditions (3.9.117) to (3.9.121) when inserted 

i ^ 

in the expressions for and P^ give 
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e^d-x^) = 2s 


(5.4.89) 


- G, 


(5.4.90) 


Satisfying (5.4.74) at = x^ and x^ = 1-x^,and v/riting 
(3*9 .117) in terms of 0^, following Eqns . are obtained to 
determine , x^ and 0(0) . 


t^ - 3t + X 

20^ ° 


X 


_o 

,3 


(5.4.91 ) 


(5.4.92: 


= 


2t 


1 - 2t^ + t^ 


(5.4.93: 


where 


t = cos0^(O) 


(5.4.94) 


Elimination of variables in (5.4.91) to (5.4.93) yields 


6t^ - 24t - 3 


0 


(5.4.95) 


X 


t^ + 3t 


o 


(5.4.96) 


t"^ + 3 t 


Eqns . (5.4 . 93 ) to ( 5 .4 .96 ) yield the following values for 
t, ©.j (0) , and 6!^. 
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t = 

- 0.1292 

(5.4.97) 

©^(0) 

= 1.7003 

(5.4.98) 

^0 = 

0.2876 

(5.4.99) 

= 

0.2671 

(5.4.100) 


HaTing thus determined the desired constants, the solution 
can be, now, easily obtained by following the steps in 
Section '5 *4. 3). 


3 

cos 0^ 

“ 3cos©^ 

= 5.615 

+ 0.3853 

(5.4.101) 

Pi = 

0.1721 sin'^©^ 


(5.4.102) 

11 

0.5342 sin^©^ 


(5.4.103) 

5 ' 

cos ©2 

- 3cos©2 

= 5.615 ©2 

- 2 

(5.4.104) 

h = 

- 0.1721 

sin^©2 


(5.4.105) 

dx2 

dOo 

- 0.5342 

3 

sin ©2 


(5.4.106) 


Expressions for e , P and X 



(5.4.107) 



110 


or X = 2G^ [ / sin^Q dO 

1.7003 ' 

Substituting for and integrating 

X = 2S.76 

Hence expressions for e and P aret 

= T]^ = 1 .273 sin^e^ , 

Equation (5.4.109) determines the buckling load 
which is 42.43 percent more than the E-uler load ( = 20.19). 
It is interesting to note that the increase in load for a 
G-H column is slightly more than the increase (40 .8 percent) 
for other columns. This is observed even for tapered- 
homogeneous column^ where the percent increase for 0-H B.O. 
is 35.1 and for other B.C.’s it is 33.3. 

Equation (5.4.110) provides the desired optimum 
distribution of e and, t]. Maximum value of these is 1.273 
at station Xg where ®2^^2^ ~ 5‘rt/2. Substitution of G^(0) 
in (5.4.110) reveals that the value of e('n) at the clamped 
end is 1.25 which is the maximum value for other boundary 
conditions. Distribution of e (p) is shown graphically 
in Eigure 5 .9b . 


i 


211 

- / sin^9„ d©„ 3 (5.4.108) 

% ^ d . 


(5.4.109) 


i = 1 ,2 (5.4.110) 
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Solu~tion for q = 1 and q = 3 

Equation (5.4.50) is solved exactly for q = 2 in 
Sections 5.4.1 to 5.4.4. Eor q = 1 and q = 3? the resulting 
Eqns. ( 5 . 4 . 51 ) and (5.4.57) in©, however, have to be solved 
numerically. The solution, therefore, in these cases is 
obtained numerically in Section 5.5, along with the solution 
for p 1 , which anjnway cannot be obtained a.nalytically » 
Corresponding e (t}) distributions for various types of end 
conditions are sho?7n in Eigures 5.5 to 5.10. 

The results are discussed in Section 5.7. 


5.5 Mumerical Solution 


Governing Eqn. (5.4.37) is integrated nLimerically 
for p 1 . To check the results in Section 5.4, solution is 
obtained even lor p = 1 , It is found that the two solutions 
are the same . 

Since the equation is singular at points v/here P 
is zero, integration around the singularity is to be done 
carefully. Following the steps in Section 3.7, contribution 
( A) of the peak around the singularity can be approximated 
by the following 


A = p'p+i+P<i ax 

Jo 

lp”(g) I 

(2p/l+p+pqT 


(5.5.111) 
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It may be mentioned that the constant a, in Eqn. (4.2.8), 
?/hich is used in getting (5.5.111) is obtained by matching 

!l 

(5 at X = e , 


The numerical integration is done by the method 
of successive iterations. Details of the method for each 
of the end conditions are discussed in Chapter 4. As 
mentioned in Section 5.3j uniform column being a special 
case of tapered column, the form of the governing equation, 
and the boundary conditions in the two cases are the same. 
The equations for iteration as developed in Chapter 4 can 
therefore be directly applied here also, the only difference 
being in the value of the parameter r. In the present case 
r has the value 



l+oq-o 

1 +pq+p ’ 


r > 0 


( 5 . 5 . 112 ) 


\Yhich for the corresponding uniform column (q = O), as -used 
in Chapter 4, is Therefore, there is hardly any need 

to rewrite the equations and steps of iteration. These are 
available for various end condition in Chapter 4. 

It is worth mentioning here that computations in 
the case of clamped-clamped column reveal that the 
inflexion point location does not change with p and- q. 

It always occurs at x^ = l/4. This could be shown analytically 
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for p = 1 ) i)ut caimot be proved in general for any value of 
p, as the Eqn. (5 •4. 36) cannot be integrated analytically. 
Similar result holds for the Euler and tapered-homogeneous 
columns ^ . 

In the case of clamped-hinged column, it is found 

! 

that for all values of p and q,sum of the values of (3 at 
the inflexion point and at the hinged end is zero. It is 
found to be exactly true for an Euler column and in the 
present work, it holds in the cases where analytical results 
have been obtained. This condition was therefore used as an 
additional check on numerica.! results. 


5 ,6 Interpretation of e and T) Distributions 

Eondimensional quantities e and r\ are related to 
the physical quantities — modulus (E), density (P) and 
cross-sectional area (A) — by the following relations 
obtained from (3,2.7). 



(E/Bq) 

(Vp,)^ 


(5.6.113) 


T) = p a = (5.6.114) 

^0 0 

where and are modulus, density and cross- 

sectional area of the corresponding Eiaer column. 
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I-Iov; , 

is Si cons b' 0 


IX one can develop the material, such that P 
•and equals , then e and T] reduce to the 


following iiiionsional modulus and cross-sectional area. 


<v 

e = E = E/E 

o 



T] = a = A/A^ (5.6.116) 

'Thus e and t] d-istrihutions obtained in Sections 5.4 and 5.5 
proviae optimium modulus and area variations along the axis. 
Sesides, since the nondimensionalization has been done with 
respect to the corresponding quantities for Euler column, 
e and t] values at any particular station directly gl-^/e the 
increase in modulus and area relative to Euler column for 
v/hich these aue unity. 

If it Is not possible to develop the material with 
density constant along the axis, then the Eqns. (5.6.115) 
and (5.6.114) imply that E, P and a must be adjusted so that 
e and p obtained numerically remain the same. In other 
words, the three design variables (modulus , density and area) 
are in the control of the designer such that they can assume 
only those values, which yield the obtained distributions 
of e and T] . E 3 :*om design standpoint it is obvious that 
one would like to keep one of the variable s, which in this 
case could be oross-sectional area, constant and, if possible, 
vary modulus and density only, to get the desired 
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distributions of e and tq. If it is feasible, one v/ould like 
to ha-ve it from fabrica-tion considerations. It is evident 
from (5.6.113) and (5.6.II4) that if A is kept constant, e 
and T) directly prescribe E and P distributions. The t\¥0 
extreme cases, p «1 and p» 1 ,v/ill nov^ be considered to 
examine the feasibility of maintaining constant area. 

5 . 6.1 Case 1 , p «1 

Results reveal that in this case h(x) 2 1 and e(x) 
controls the increase in load. At stations v/hei-e e is large, 
from (5. 6 . 113), S should be large and P should be small. 

This is feasible by using high specific modulus fibers for 
increasing E and P can be made small by making a, which is 
constant when A is constant, in (5. 6 . 114 ) > 1 . This ensures 
smaller P for r)(x) = 1 . 

5.6.2 - Case 2 , p » 1 

In this case e(x) = 1 and il(x) controls the 
increase in load. Due to keeping constant A, higher D from 
.C 5 ;i- 6 ;. 1 14) implies higher P . Since e(x) = 1 , it implies 
from (5.6.113), the use of higher modulus fibers (large ^) 
where h is large. Magnitude of maximum values can, however, 
be reduced by making a > 1 . ’ 



116 


It thus, theoretically, seems to be feasible to 
produce, in practice, the numeric a,lly obtained distributions 
of e and p. Consequently large increases in critical loads 
can be achieTed. 

5.7 Results 3.nd Discussion 

As already sta.ted, uniform as well as tapered 
coluimns are governed by the same equations. Computations 
reveal certain features which are common to both. A unified 
discussion is therefore presented. 

Essentially, Eqn. (5.4.36) has been solved for 
ijiniform (q = O) and tapered (q = 1,2,3) columns. Eor each 
value of q, p varies from values very close to zero (O.O5) 
to five at appropriate intervals. Eor each set of the 
values of the parameters p and q, solution is obtained for 
four boundary conditions — H-H, E-C, G-C, C-H. Eortunately 
the solution for free-clamped case is easily dedueible from 
the solution for the H-H case, because of the similarity in 
boundary conditions in the tyro cases. Computations, there- 
fore, are perfoimed for only three different end conditions. 

In each case e, t) and nondimensionalized stiff- 
ness (s), defined by 

s = e T)^ , { 5 . 7 . 
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distributions are determined along with the e’igen value X . 
Though s can be determined from c and '0? still it is computed 
to check for any anomalies in the numerical I’esults. Since 
one cannot appreciate the increase in load by looking at 
the values of X, the results are presented in the foria of 
percent increase in load. 

The results are presented both in the tabular and 
graphical forms. 

5.7.1 Tables 

Tables 5.1 to 5.3 provide the variation of the 
critical load and the percent increase in load with p for 
miform and tapered columns, for all the four end conditions. 
Location of inflexion point in the case of clamped-hinged 
column is separately given for different values of q and p 
in Table 5.4. 

Tables 5.5 to 5.7 provide e variation along the 
axis for uniform columns for different values of p and for 
all the four end conditions. 

Tables 5.8 to 5.13 provide e and 'll variations 
along the axis for tapered coluims for various values of 
p and all the boundary . conditions . 
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Most of the results have been obtained for 0.05 • 
However, for acadeniic interest results v/ere obtained for p = 
0.02 also in the case of hinged-hinged column with q = 1 . 

It was done to test the method and the behaviour of percent 
increa.se in load versus p curve. Computation worked satis- 
factorily, but was not extended to other cases because of 
the large computation time and infeasible distributions of e 
obtained, really large. 

5. 7*2 Curve 3 

figure 5.1 provides variation of percent increase 
in buckling load-with p for uniform and tapered columns for 
each of the four end conditions. 

figLires 5.2 to 5.4, provide distribution of e for 
■uniform columns for various end fixities. -These variations, 
though have been computed for several values of p and 
presented in tabular forms, are shown only 'for three values, 
p = 0.1, p = 1.0 and p = 5.0. These curves largely represent, 
the entire range of variation of p and typically indicate 
the trends of variations. Results for p = 1.0 are shown 
primarily because the governing equation could be integrated 
analytically. Besides, p <-^1.0 and p» 1 .0 jrepre sent the 
extreme cases. The value p = 0.1, is selected since the 
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distributions obtained for this appear to be physically 
rea,lizable , For p < 0.1, maximum modulus Talues could be 
so high that they may become hard to bo achieved. 

Figures 5.5 to 5*10 provide e and p distributions 
for tapered columns for various end conditions. 

Figure 5.11 finally gives variation of number of 
iterations with p for various end conditions. Curves are 
drawn for q = 1 only. These curves reflect on the efficiency 
of the method of successive iterations. 

5 . 7.3 Important Observations 

The following observations, highlighting the 
important features of the results can be made from a study 
of the ta.bles and curves. 

p versus X curves 

Percent increase in load versus p curves for all 
values of q and all end fixities is monotonic, load 
increasing with decreasing value of p. Theoretically any 
increase in load can be achieved by selecting small values 
of p. But higher the increase in load, higher is the 
required . This physically limits the increase in load. 

As an. example, p = 0.02 results in an increase of 97.73 
percent in load ? 7 ith e^^ = 3.06 for a hinged-hinged 
column with q = 1. 
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As p increases^ percent increase in load decreases 
asjnrptotically' to zero for a uniiorm colunin and approaches 
to the value for the corresponding homogeneous columns in 
the oapered cas:e « For q =: 2j it can be seen that it tends 
to 33 percent in the case of H-H, F-C and C-C end fixities 
and 35*1 percent for C-.H boundary condition. These results 
were obtained by Tad^balcsh and Keller^. This is expected 
because a large value of p implies approximately a constant 
modulus, e(x) = 1,Y/hich corresponds to Euler column in uniform 
case and tapered-homogeneous in the remaining cases . 

Eor a particular value of q, percent increase in 
load versus p curves are identical for H-H, E-C and C-C 
columns . It is observed that for uniform and as well as 
tapered columns, the load for a hinged-hinged column is four 
times the load for free-clamped column, and the load for 
clamped-clamped case is four times the load for the H-H 
case. This behaviour is observed for all values of p. Thus 
the concept of equivalent length, developed for the Euler 
column is valid for nonhomogeneous , uniform and tapered 
columns also. Though this has been shown in Section 3 •9*2 
analytically for E-C column, it appears to be true for a 
C-G column also. This is because of the invariant location 
of inflexion points which occur at a distance of l/4 from 
either ends. Thus it implies that C-C column is equivalent 
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to a H-PI column of length. L/2. This means that the results 
including the distributions of e and r) can be deduced from 
the results for H— H column. This j however j is not obvious 
from the equations and boundary conditions. One arrives at 
these conclusions only after the computations are done 
separately for C~C columns. Besides, since the results in 
C-C case are obtained by satisfying different B.C.'s, the 
agreement in the results with those obtained for H-H column 
provides an indirect check on numerical computations. This 
is important , specially, vfhen p is small, which poses nmerical 
problems and may lead to incorrect results. There are 
hardly any results, available in the literature, with which 
the obtained results can be compared. ■ The available results, 
however j correspond to only extreme values of the parameter - 
p ( P > >- 1 ) . 

finally it is observed that though the inflexion 
point location varies with p and q for clamped-hinged columns, 
this variation is very small, further, the eigen value is not 
very sensitive to the location of inflexion points. Thus 
small ei-rors in computing this location, do not affect the 
critical load appreciably. 



Vlvj -'Hi a ■ 

‘ trend of e and ti variation along the 
axis is sii-i-l--*- ovj variation of bending moment in the 

column. ^ n assume maximum and minimum values where 

bending moneiit o. maximum or minimimi. 

With g curve, becomes more and more 

flat i.e. the ocliamin -^o become homogeneous. However, 

t] distritution t-ppacoaches to the area distribution for an 

optimum tapored— liomogeneous colTmin. Specially for q = 2, 

it can be scon to approach the curves in Ref . 6 . 

With dc.-cx'Gasing p, t] curves become more and more 

flat. This amotiTi'fe s to the fact that the increase in buckling 

load is largely contiributed by optimum modulus distribution. 

This is in fact t2?\ue . The maximum increase that can be 

obtained by optimura tapering (q = 2) only, is33«3 percent, 

the additional inc 2 ?ease is due to the modulus variation. 

Her an increase ±21 load above sixty percent, modulus plays 

the major role . XJniform column therefore is to be preferred 

to a tapered column for higher increases in load to avoid 

the inconvenience in fabrication of a tapered column. But 

this increase is limited by the maximum value of the 

required e distribution. Since the tapered column for 

the same e produces a higher increase in load, it is to 
max : 

be recommended in cases where higher load is of utmost 
importance. 
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Maxijnuni value of t} in all the cases is less than 
^max corresponding homogeneous colimii. For q = 2, 

it can be seen that it is less than 1.5, obtained by Tadjbaksh 
and Keller^ for H-H, F-G and C-C end conditions. 

Distributions of e and T) for each half of the C-G 
column aro symmetric about the inflexion point. This 
pormits to deduce the solution from the solution of the 
hinged-hinged column. 

Gommonts 

Results thus reveal the existence of a tremendous 
increase in load by suitable variation of modulus. If proper 
materials can be developed, it is then possible to prescribe 
distributions of modulus and area to achieve a desired 
increase in load. The prescribed distributions are optimum 
in the sense considered in this thesis . 

It may be mentioned that both for the miform and 
tapered colimns, materials may be developed with constant 
density and prescribed modulus distributions . While 
developing the material, in practice, the density obtained 
may o.r xflay not bo the same (P^) as that of the corresponding 
Euler column. Since the colimin under consideration must 
have the same mass (m^) as the ' corresponding Euler column, in 
such a case, it -is possible to do so by suitably adjusting 
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the cross-sectional area distribution. For example, for a 
uniform column, if P < ,then by taking A > A^it is possible 
to nave p(x) = 1 . Similarly the dimensionless area (a(x) = 
A/A^) can be suitably adjusted for tapered columns. 

Finally, in the solutions obtained in Chapters 3? 

4 and eigen value has been made stationary only. In fact^ 


it is optimal also, as shown by Tadjbaksh and Keller who have 
considered the general problem of determining the stationary 
eigen value of second order systems with homogeneous boundary 
conditions, and then through integral inequalities have shown 
that the obtained stationary value is the maximum of the 
minimum eigen values of the system for n < 1 , where n is it 
constant defined in Eqn. 4, Section 5 of Ref. 6. This 
depends on the psurameters of the system (in our case p and 
q) . Both the uniform and tapered columns, studied here, can 
be put as a special case of the above general problem. It 
can be easily shovni that 


n = - 


1+pq 


(5.7.118) 


■Since p > 0 and q > 1 , n in our case is negative ?/hiGh is 
less than one. Hence the solutions obtained are not only 
stationary but optimal also. 
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5 *8 Gomments on Efficienoy of lEethod of Suooessive Iterations 

1 study of the number of iterations required for the 
convergence was made, in all the cases including different 
values of p and q and various types of end conditions. 
Grenerally, it is found that the convergence occurs in few 
iterations if the value of p is around unity, for p less than 
or greater than one, number of iterations, n, required for 
convergence starts increasing. This increase is not much if 
p > 1, but as p approaches zero, the increase in n is very 
high, from academic point of view, solution was obtained 
for a K-H coltum with q = 1 and p = 0.02, Convergence in 
this case took place after 222 iterations. This is also one 
of the reasons for determining the solutions in all other 
cases for p ^ 0,05. 

The general trend of number of iterations (n) 
versus p curves essentially remaining the same for different 
values of q (q = 0,1, 2, 3), n versus p curves are therefore 
drawn for hll the end conditions — H-H, C-G and G-H — for 
q = 1 only. These are shown in figure 5.11 . 
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Table 5 -Is Variation of X and percent increase in buckling 
load with p for hinged-hinged and free-clamped* 
columns 


p 

T-^ — 

1 q. 

I .. 

= 0 

i q 

J 

= 1 

"T 

1 q 

= 2 

\ q 

= 3 

1 

f ^ 

f 

{percent 

{increase 

! 

! ^ 

J 

{percent \ ^ 

{increase ! 

{percent { . 

{increase! 

{percent 

{increase 

0.05 

16.97 

71 .92 

17.04 

72.66 

17.13 

73.55 ■ 

17.21 

74.41 

0*1 

15.86 

60.67 

16.00 

62.11 

16.14 

63.57 

16.26 

64.80 

0.4 

13.56 

37.44 

14.17 

43.59 

14.61 

48.02 • 

14.94 

51 .42 

0.8 

12.35 

25.13 

13.37 

35.47 

14.04 

42.26 

14 . 51 . 

47.03 

1 .0 

12.00 

21.59 

13.16 

33.37 

13.90 

40.81 

14.41 

45.97 

3.0 

10,76 

9.03 

12.45 

26.21 

13.44 

36.18 

14.08 

42.63 

5.0 

10.41 

5.49 

12.28 

24.46 

13.33 

35.06 

14.00 

41 .90 


P-C ~ 4 


Table 5.2; Variation of ^ and percent increase in buckling ' 
load with p for clamped-clamped columns 


P 

f 

{ q 

! 

= 0 

""1 

i - 

= 1 

"T 

f q . 

-J 

= 2 

i q 

= 3 

mm 




{percent 

{increase 

0.05 

67.87 

71.92 

68.23 

72.82 

68.51 

73.55 

68.86 

74.41 

0.1 

63.43 

60.67 

64.00 

62.11 

64.57 

63.57 

65.06 

64.80 

0.4 

54.24 

37.40 

56.66 

43.51 

58.44 

48.02 

59.78 

51.43 

0.8 

49.40 

25.14 

53 . 4-7 

35.45 

56.16 

42.26 

58.01 

46.95 

1 .0 

48.00 

21.59 

52.65 

33.36 

55.56 

40.73 

57.62 

45.96 

3.0 

42.98 

8.87 

49 .82 

26.20 

53.76 

36.18 

56.32 

42.65 

5.0 

41.64 

5.49 

49.14 

24.46 

53.31 

35.05 

56,05 

41 .97 
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Table 5.5: Variation of e +1.^ ^ ■ -p , • , - 

and free-clamped hinged-hinged 

uniform columns 


f — 

Station ip=0. 05 !p=0.1 

! ! 

-.J I 


jp-0.4 |p=:0.8 j p=1 I p=3 


3=5 


0 0 

1 0.1993 

2 0.5461 

3 0.9414 

4 1.339 

5 1.710 

6 2.035 

7 2.299 

8 2.495 

9 2.615 

10 2.655 


0 0 
0.1892 0.2080 
0.5126 O.49O6 
0.8759 0.7785 
1.238 1.049 

1.573 1.291 

1.865 1.496 

2.103 1.660 

2.278 1.779 

2.385 1.851 

2.421 1.875 


0 0 
0.2584 0.2850 
0.5207 0.5400 
0.7617 0.7650 
0.9755 0.9600 

1.159 1.125 

1.311 1.260 

1 .430 1 .365 

1.515 1.440 

1.566 1.485 

1.584 1.500 


0 

0 

0.4969 

O.6I9O 

0.6934 

0.7746 

0.8343 

0.8779 

0.9429 

0.9541 

1 .028 

1 .012 

1.094 

1 .056 

1 .144 

1.089 

1.178 

1.111 

1.198 

1,125 

1.205 

1.129 


(Stations are located at equal inter'y’als along the axis). 


Table 5.6: Variation of e along the axis for clamped- clamped 
uniform columns 


X 

! 

{p=0.05 

t 

1 ' 

Jp = 0.1 

t 

-t- - 

0 

II 

!! 

0 

03 

p = 1 j 

f 

p = 3 i 

f 

f 

II 

0 

2.655 

2.421 

1.875 

1.584 

1.500 

1.205 

1.129 

0.05 

2.495 

2.278 

1 ,779 

1.515 

1 .440 

1.178 

1 .111 

0.10 

2.035 

1 .865 

1 .496 

1 .514 

1.260 

1.Q94 

1 .056 

0.15 

1 .339 

1.238 

1 .049 

0.9755 

0.9600 

0.9429 

0.9541 

0.20 

0.5461 

0.5126 

0.4906 

0.5207 

0.5400 

0.6934 

0.7746 

0.25 

0 

0 

0 

0 

0 

0 

0 

0.30 

0.5461 

0.5126 

0.4906 

0.5207 

0 . 5400 

0.6934 

0.7746 

0.35 

1 .339 

1.238 

1 .049 

0.9755 

0.9600 

0.9429 

0.9541 

0.40 

2.035 

1 .865 

1 .496 

1.311 

1 .260 

1.094 

1.056 

0.45 

2.495 

2.278 

1.779 

1.515 

1 .440 

1.178 

1 .111 

0 .50 

2.655 

2.421 

1.875 

1.584 

1 .500 

1.205 

1.129 
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Table 5 . 7 1 Variation of e along the axis for clamped -hinged 
uniform columns x- t, 


X 

f 

}p=0.05 

f 



II 

o 

• 

? 

ip = 0.4 

! 

ff 

II 

o 

00 

' ‘t" 

p = 1 i 

? 

11 

P = 5 

0 

2.672 

2.475 

1 .869 

1.583 

1 .500 

1 .205 

1 .129 

0.1 

1 .889 

1.770 

1.416 

1 .268 

1 .226 

1.085 

1 .051 

0.2 

0.7482 

0.7184 

0.6576 

0.6892 

0.7054 

0.8157 

0.8679 

0.3 

0.0399 

0.0380 

0.0515 

0.0558 

0.0615 

0.1441 

0.2191 

0.4 

1 .021 

0.9690 

0.8590 

0.8012 

0.7946 

0.8366 

0.8760 

0.5 

2.061 

1.931 

1.560 

1.339 

1.280 

1.095 

1.055 

0 .6 

2.645 

2.464 

1 .928 

1 .609 

1.519 

1 .208 

1.130 

0.7 

2.608 

2.430 

1 .904 

1.597 

1.510 

1.207 

1.130 

0.8 

1.959 

1.835 

1.492 

1.305 

1.254 

1.090 

1 .053 

0.9 

0.8881 

0.8420 

0.7599 

0.7467 

0.7506 

0.8249 

0.8721 

1.0 

0 

0 

0 

0 

0 

0 

0 


Table 5.8; Variation of e along the axis for hinged-hinged 
and free-clamped tapered columns 

a) for q = 1 


Station 

f 

ip=0,05 

I 

.1 

•p = 0.1 

ip = 0.4 

{p = 0.8 5 

P = 1 i 

I 

f 

II 

p = 5 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0.2165 

0 .2209 

0.3128 

0.4236 

0.4687 

0.7084 

0.8004 

2 

0.5651 

0.5482 

0.5999 

0.6748 

0.7041 

0.8476 

0.8979 

3 

0.9495 

0.8938 

0.8509 

0.8671 

0.8770 

0.9342 

0.9557 

4 

1 .328 

1.225 

1 .066 

1 .020 

1 .011 

0.9952 

0.9953 

5 

1.677 

1.525 

1.247 

1.142 

1.116 

1.040 

1 .024 

6 

1.979 

1.782 

1.394 

1.237 

1.197 

1 .073 

1.045 

7 

2.224 

1.988 

1.508 

1.309 

1.258 

1 .097 

1.060 

8 

2.404 

2.139 

1 .588 

1 .359 

1.300 

1.114 

1 .070 

9 

2.513 

2.230 

1.637 

1.389 

1.325 

1.123 

1.076 

10 

2.550 

2.261 

1.653 

1 .399 

1.333 

1 .126 

1 .078 
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Table 5.8.° Conliinued 

b) for q = 2 


Station 

f 

ip = 0.05 

f 

f 

5 p = 0,1 

J 

Ip = 0.4 

|p = 0.8 I 

P = 1 i 

P = 3 i 

p = 5 

0 

0 

0 

0 

0 

O’ 

0 

0 

1 

. 0.2333 

0.2514 

0.3993 

0.5369 

0.5858 

0.8008 

0.8693 

2 

0.5830 

0.5796 

0.6739 

0.7593 

0.7878 

0.9036 

0.9378 

3 

0.9568 

0.9086 

0.8924 

0.9147 

0.9238 

0.9643 

0.9768 

4 

1.318 

1.214 

1.070 

1.032 

1 .024 

1 .006 

1 .003 

5 

1 .647 

1.485 

1.213 

1.121 

1.100 

1.036 

1 .022 

6 

1 .930 

1 .714 

1.326 

1 .190 

1.157 

1 ;057 

1 .035 

7 

2.157 

1.895 

1.412 

1.240 

1.199 

1.073 

1 .045 

8 

2.323 

2.027 

1.473 

1.275 

1 .228 

1.083 

1.051 

9 

2.424 

2.106 

1 .508 

1 .296 

1 .245 

1 .089 

1 .055 

10 

2.458 

2.133 

1.520 

1.303 

1.250 

1 .091 

1 .056 


Table 5 

,8; Concluded 

c) for q = 

3 





Station 

ip=0.05 

II 

0 

m 

« 

0 

II 

Pi 

1! 

0 

bo 

P = 1 i 

1 

t-- 

If 

p = 5 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0.2499 

0.2806 

0.4693 

0.6159 

0.6633 

0.8504 

0.9040 

2 

0.5998 

0.6076 

0.7265 

0.8110 

0.8366 

0.9309 

0.9562 

3 

0.9634 

0.9209 

0.9184 

0.9401 

0.9477 

0.9773 

0.9855 

4 

1 .309 

1.205 

1.068 

1.034 

1 .027 

1 .008 

1 .005 

5 

1.620 

1.451 

1.186 

1 .105 

1.086 

1 .031 

1 .019 

6 

1 .885 

1.657 

1.278 

1.158 

1.130 

1.047 

1.028 

7 

2 .097 

1 .818 

1.347 

1.197 

1.162 

1.058 

1.035 

8 

2.252 

1.935 

1.395 

1.224 

1.184 

1.066 

1 .040 

9 

2.346 

2.005 

1.423 

1.239 

1.196 

1.070 

1 .043 

10 

2.377 

2.029 

1.433 

1.244 

1.201 

1.072 

1.044 


(Stations are located at equal intervals along th.e axis). 
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Table 5.9: Variation of t] along the axis for hinged-hinged 
and free-clamped tapered columns 

a) for q = 1 


! 

1 

Station {p 

! 



=0.05 

11 

o 

» 

11 

o 

• 

» = o.s; 

t 

- t 

p = 1 I 

p- 

p = 3 i 

f 

p = 5 

0 


0 

0 

0 

0 

0 

0 

0 

1 


0.9263 

0.8598 

0.6282 

0.5030 

0.4687 

0,3554 

0.3284 

2 


0.9719 

0.9417 

0.8151 

0.7300 

0.7041 

0.6089 

0.5835 

3 


0.9974 

0.9888 

0.9375 

0.8922 

0.8770 

0.8153 

0.7973 

4 


1 .014 

1.021 

1.026 

1 .016 

1 .011 

0.9856 

0.9769 

5 


1 .026 

1 .043 

1 .092 

1 .112 

1 .116 

1.125 

1 .126 

6 


1 .035, 

1.059 

1 .142 

1 .185 

1 .197 

1 .236 

1 .245 

7 


1.041 

1 .071 

1.178 

1.240 

1.258 

1.321 

1.337 

8 


1 .045 

1 .079 

1.203 

1.278 

1.300 

1.381 

1.403 

9 


1 .047 

1 .084 

1.218 

1.300 

1.325 

1.417 

1 .442 

10 


1 .048 

1 .085 

1 .223 

1.308 

1.333 

1.429 

1.455 

Table 

5.9 

1 : Continued 








b) 

for q = 

2 





! 

Station ,'p=0. 05 

f 

^ 

CO 
. « 

o 

11 

Pi 

• 

o 

11 

Pi 

« 

o 

ii 

1 

p > 1 i 

L. 

1 

p = 3 i 

1 

L 

p = 5 


0 

0 

0 

0 

1 

0.9298 

0.8710 

0.6927 

2 

0.9734 

0.9469 

0 .8540 

3 

0.9978 

0.9905 

0.9555 

4 

1.014 

1.020 

1 .027 

5 

1.025 

1 .040 

1.080 

6 

1.033 

1.055 

1.120 

7 

1.039 

1 .066 

1.148 

8 

1 .043 

1 .073 

1.167 

9 

1.045 

1.077 

1.179 

10 

1 .046 

1.079 

1.182 


0 

0 

0 

0 

0.6081 

0.5858 

0.5136 

0.4965 

0.8023 

0.7878 

0.7378 

0.7252 

0.9311 

0.9238 

0.8966 

0.8894 

1.025 

1 .024 

1.017 

1 .015 

1 .096 

1.100 

1.110 

1 .113 

1.149 

1.157 

1.182 

1.188 

1.188 

1.199 

1.235 

1 .244 

1.215 

1.228 

1.271 

1 .282 

1.231 

1.245 

1.293 

1 .305 

1.236 

1.250 

1.300 

1.313 


Table 5.9” 
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Concluded 
c) for q = 3 


Station 

? 

;p=o.o5 

t 

1 

1 

Ip = 0.1 

f 

JL-- 

f 

tP = 0.4 
1 

-L- 

! t 

ip = 0.8 j 

t I 

f t 

f 

p = 1 j 

p = 3 i 

f 

p = 5 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0.9330 

0 .8807 

0.7389 

0.6786 

0.6633 

0.6150 

0.6038 

2 

0.9748 

0.9514 

0.8800 

0.8457 

0.8366 

0.8068 

0.7995 

5 

0.9981 

0.9918 

0.9665 

0.9518 

0.9477 

0.9334 

0.9298 

4 

1 .015 

1 .019 

1 .027 

1 .027 

1 .027 

1 .025 

1 .025 

5 

1 .024 

1.038 

1 .071 

1 .083 

1.086 

1.095 

1 .097 

6 

1 .032 

1.052 

1 .103 

1 .124 

1.130 

1 .147 

1 .151 

7 

1 .038 

1 .062 

1.127 

1.155 

1.162 

1.185 

1 .190 

8 

1 .041 

1.068 

1.142 

1 .175 

1.184 

1.211 

■ 1.217 

9 

1 .044 

1 .072 

1.152 

1.187 

1.196 

1.226 

1 .233 

10 

1 ,044 

1 .073 

1.155 

1.191 

1 .201 

1 .231 

1 .238 


(Stations are located at equal intervals along the axis). 


Table 5.10: Variation of e along the axis for clamped -clamped 
tapered columns 

a) for q = 1 


X 

m 

■ 

■ 

1 r 

ip = 0 * 8 i 

1 f 

r 1 

If 



p = 3 i 
! 

-- 1 - 

P = 5 

0 

2.550 

2.261 

1.653 

1.399 

1.333 

1.126 

1.078 

0,05 

2.404 

2.139 

1.588 

1.359 

1.300 

1 .114 

1.070 

0.10 

1 .979 

1.782 

1 .394 

1.237 

1.197 

1.073 

1 .045 

0.15 

1.328 

1.225 

1 .066 

1 .020 

1 .011 

0.9952 

0,9953 

0.20 

0.5651 

0.5482 

0.5999 

0.6748 

0.7041 

0.8476 

0.8979 

0.25 

0 

0 

0 

0 

0 

0 

0 

0.30 

0.5651 

0.5482 

0.5999 

0,6748 

0.7041 

0.8476 

0.8979 

0.35 

1 .328 

1.225 

1 .066 

1 .020 

1 .011 

0 .9952 

0.9953 

0.40 

1 .979 

1.782 

1 .394 

1 .237 

1.197 

1 .073 

1 .045 

0.45 

2.404 

2.139 

1.588 

1.359 

1.300 

1 ,114 

1 .070 

0.50 

2.550 

2.261 

1.653 

1 .399 

1.333 

1 .126 

1 .078 
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Table 5-10: Continued, 

b) for ^ = 2 


X 

p=0.05 

— 

II 

o 

If 

o 

« 

00 

« 

. o 

If 

T— 

ip = 1 
! 

« 

— f- 

p = 3 ; 

f 

P = 5 

0 

2.458 

2.133 

1 .520 

1.303 

1.250 

1.091 

1 .056 

0.05 

2.323 

2.027 

1.473 

1.275 

1 .228 

1.083 

1 .051 

0.10 

1.930 

1.714 

1.326 

1 .190 

1.157 

1 .057 

1.035 

0.15 

1.318 

1.214 

1 .070 

1.032 

1.024 

1 .006 

1 .003 

0.20 

0.5830 

0.5796 

0.6739 

0.7593 

0.7878 

0.9036 

0.9378 

0.25 

0 

0 

0 

0 

0 

0 

0 

0.30 

0.5830 

0.5796 

0.6739 

0.7593 

0.7878 

0.9036 

0.9378 

0.35 

1 .318 

1.214 

1.070 

1 .032 

1 .024 

1 .006 

1 ,003 

0.40 

1 .930 

1.714 

1.326 

1.190 

1 .157 

1.057 

1 .035 

0.45 

2.323 

2.027 

1.473 

1.275 

1 .228 

1.083 

1 .051 

0.50 

2.458 

2.133 

1.520 

1.303 

1 .250 

1 .091 

1 .056 


Table 5* 10s Concluded 

c) for q = 3 


X 

p=0.05 

1 

{p = 0.1 

1 

f 

CO 

> 9 

0 

it 

0 

tt 

Pu 

r 

p = 1 { 

1 

- 1- 

ll 

p = 5 

0 

2.377 

2.029 

1.433 

1.244 

1.201 

1 .072 

1.044 

0.05 

2.252 

1.935 

1.395 

1.224 

1.184 

1 .066 

1.040 

0.10 

1 .885 

1.657 

1.278 

1.158 

1.130 

1 .047 

1 .028 

0.15- 

1 .309 

1.205 

1 .068 

1.034 

1.027 

1.008 

1 .005 

0.20 

0.5998 

0.6076 

0.7265 

0.8110 

0.8366 

0 .9309 

0.9562 

0.25 

0 

0 

0 

0 

0 

0 

0 

0.30 

0.5998 

0.6076 

0.7265 

0.8110 

0.8366 

0.9309 

0.9562 

0.35 

1.309 

1 .205 

1.068 

1.034 

1.027 

1 .008 

1 .005 

0.40 

1 .885 

1.657 

1.278 

1.158 

1.130 

1.047 

1 .028 

0.45 

2.252 

1 .935 

1.395 

1.224 

1.184 

1 .066 

1 .040 

0.50 

2.377 

2.029 

1.433 

1.244 

1 .201 

1 .072 

1 .044 


134 


Table 5.11 s Variation of t) along the axis for clamped 
clamped tapered columns 

a) for q = 1 



0 1.048 1.085 1.223 1.308 1.333 1.429 1.455 

0.05 1.045 1.079 1.203 1.278 1.300 1.381 1 .403 

0.10 1.035 1.059 1.142 1.185 1.197 1.236 I.245 

0.15 1.014 1.021 1.026 1.016 1.011 0.9856 0.9769 

0.20 0.9719 0.9417 O.8I5I 0.7300 0.7041 '0.6089 0.5835 

0.25 0 0 0 0 0 0 0 

0.30 0.9719 0.9417 O.8I5I 0.7500 0.7041 0.6089 0.5835 

0.35 1.014 1.021 1.026 1.016 1.011 0.9856 O.9769 

0.40 1.035 1.059 1.142 1.185 1.197 1.236 1.245 

0.45 1.045 1.079 1.203 1.278 1:300 1.581 1 .403 

0.50 1.048 1.085 1.223 1.308 1.533 1.429 1.455 


Table 5.11'. Continued 

b) for q = 2 


X 

|p=0.05 

f 

f 

iP = 0.1 

I 

V 

• 

0 

11 

•p = 0.8' 

! f 

9 -1 

p = 1 ; 

t 

11 

P = 5 

0 

1.046 

1 .079 

1.182 

1.236 

1.250 

1.300 

1.313 

0.05 

1.043 

1.073 

1.167 

1.215 

1 .228 

1.271 

1.282 

0.10 

1.033 

1.055 

1.120 

1,149 

1 .1'57 

1 . 182 

1.188 

0,15 

1 .014 

1 .020 

1 .027 

1.025 

1 .024 

1.017 

1 .015 

0.20 

0,9734 

0.9469 

0.8540 

0.8025 

0.7878 

0.7578 

0.7252 

0.25 

0 

0 

0 

0 

0 

0 

0 

0.30 

0,9734 

0.9469 

0.8540 

0,8023 

0.7878 

0.7378 

0.7252 

0.35 

1.014 

1.020 

1 .027 

1.025 

1.024 

1 .017 

1 .015 

0.40 

1 .033 

1.055 

1.120 

1.149 

1.157 

1 .182 

1.188 

0.45 

1 .043 

1.073 

1.167 

1.215 

1.228 

1 .271 

1.282 

0.50 

1 .046 

1.079 

1.182 

1 .236 

1.250 

1.300 

1.513 
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Table 5.11s Concluded 

c) for q = 3 



f 

;p=o*05 

! 

J 

• 

O 

li 



« 

o 

li 

p, 

3 = O.sj 

1 

p = 1 i 
! 
t 

P = 3 j 

li 

0 

1.044 

1.073 

1.155 

1.191 

1 .201 

1 .231 

1 .238 

0.05 

1.041 

1.068 

1 .142 

1.175 

1.184 

1 .211 

1 .217 

0.10 

1.032 

1 .052 

1.103 

1.124 

1.130 

1.147 

1.151 

0.15 

1 .014 

1.019 

1 .027 

1 .027 

1 .027 

1 .025 

1.025 

0.20 

0.9748 

0.9514 

0.8800 

0.8457 

0.8366 

0.8068 

0.7995 

0.25 

0 

0 

0 ■ 

0 

0 

0 

0 

0.30 

0.9748 

0.9514 

0.8800 

0.8457 

0.8366 

0.8068 

0.7995 

0.35 

1.014 

1.019 

1 .027 

1 .027 

1 .027 

1 .025 

1 .025 

0.40 

1.032 

1 .052 

1.103 

1.124 

1.130 

■1.147 

1.151 

0.45 

1.041 

1 .068 

1.142 

1 .175 

1 .184 

1.211 

1.217 

0.50 

1 ®044 

1.073 

1.155 

1.191 

1.201 

1.231 

1 .238 


Table 5.12: Yariation of e along the axis for clamped-hinged 
tapered columns 

a) for q = 1 


X 

n 

» ' 1 1 

Ip = 0.1 Ip = 0.4 iP 

f 1 1 

» . _j 1- 

1 = 0.8 

‘ ' f 

i I 

iPP = 1 I 

t ! 

t... ; , - i 

II 

p = 5 

0 

2.561 

2.301 

1.657 

1.379 

1.331 

1.125 

1 .076 

0.1 

1 ,840 

1.693 

1.339 

1.185 

1.168 

1.063 

1 .038. 

0.2 

0.7611 

0.7413 

0.7463 

0.7754 

0.8138 

0.9087 

0.9385 

0.3 

0.0466 

0.0526 

1.131 

0.2237 

0.2300 

0.4890 

0.6317 

0.4 

1 .023 

0.9809 

0.9193 

0.9263 

0.9152 

0.9479 

0.9648 

0.5 

1 .999 

1.838 

1 .440 

1.273 

1 .219 

1 .080 

1 .049 

0.6 

2.535 

2.295 

1.687 

1.426 

1.350 

1.131 

1.081 

0.7 

2.501 

2.265 

1.671 

1.415 

1.343 

1.129 

1.080 

0.8 

1.905 

1.753 

1.390. 

1.238 

1.195 

1 .072 

1 .044 

0.9 

0 .8964 

0.8611 

0.8347 

0.8574 

0.8670 

0,9294 

0.9527 

1.0 

0 

0 

0 

0 

0 

0 

0 
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Table 5*12: Continued 

b) q = 2 


X 

m 


P = 1 1 

! 

f 

P = 3 I 

P = 5 

0 

2.572 

2,166 

1.529 

1.303 

1.250 

1.088 

1,053 

0.1 

1 .887 

1.632 

1.287 

1.164 

1.135 

1.046 

1 .028 

0.2 

0.8454 

0.7635 

0.8041 

0.8527 

0.8698 

0,9369 

0.9592 

0.3 

0,Q239 

0.0671 

1.759 

0.3126 

0.3679 

0.6785 

0.7835 

0.4 

0.9614 

0.9877 

0.9485 

0.9533 

0.9570 

0.9809 

0.9874 

0.5 

1 .887 

1.760 

1.359 

1,211 

i.m 

1.065 

1.040 

0.6 

2.396 

2.159 

1.544 

1.317 

1.263 

1.097 

1.059 

0,7 

2.381 

2.133 

1.532 

1 .311 

1.257 

1.095 

l;058 

0.8 

1 .842 

1.685 

1.322 

1.188 

1.156 

1-.057 

1-.035 

0.9 

0.8994 

0.8767 

0.8780 

0.9055 

0.9160 

0.9614 

0.9751 

1 .0 

0 

0 

0 

0 

0 

0 

0 


Table 5.12; Concluded 

c) for q = 3 


I • j j 

P=0.05 ip = 0.1 ip = 0.4 !p = 0.8* p = 1 


0 

2.379 

0.1 

1.757 

0.2 

0 .7839 

0.3 

0,0613 

0.4 

1 .026 

0.5 

1.894 

0.6 

2.354 

0.7 

2.325 

0.8 

1.813 

0,9 

0.9108 

1.0 

0 


2.057 1.442 

1.583 1.248 

0.7831 0.8422 

0*0826 0.2365 
0,9928 0.9655 
1.694 1.304 

2.048 1.450 

2.025 1.441 

1.628 1.274 

0.8896 0.9055 
0 0 


1.248 

1.202 

1.114 

1.113 

0.8899 

0.9031 

0.4003 

0.4668 

0,9709 

0.9750 

1.173 

1.143 

1.255 

1 .210 

1.250 

1.205 

1.156 

1.129 

0.9322 

0.9411 

0 

0 


p = 3 ; 

1 

— 

p = 5 

1.072 

1,044 

1.041 

1.025 

0.9596 

0.9744 

0.7384 

0,8281 

0.9879 

0,9922 

1.051 

1.031 

1.075 

1.046 

1.073 

1,045 

1 .045 

1.028 

0.9747 

0.9839 

0 

0 
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Table 5.13'- Variation of b along the axis for clamped- 
hinged tapered columns 

a) for q ss 1 


, X 

1“ 

ip=0.05 

1 

r-' 1 r 

|p = 0.1 jp = 0,4 jp = 0.81 

r 

P = 1 ! 

t 

f 

p ^ 3 1 

I 

« 

p » 5 

0 

1 .048 

1,087 

1.224 

1.293 

1.331 

1.425 

1.446 

0.1 

1.031 

1.054 

1.124 

1.146 

1.168 

1.201 

1 .205 

0.2 

0.9864 

0.9705 

0.8895 

0.8159 

0.8138 

0.7504 

0.7280 

0.5 

0.8579 

0.7449 

0.4182 

0.3018 

0.2300 

0.1169 

0.10G6 

0.4 

1 .001 

0.9981 

0.9669 

0.9406 

0.9152 

0;8516 

0;8560 

0.5 

1.035 

1.063 

1.157 

1.213 

1.219 

1 .259 

1.271 

0.6 

1.048 

1.087 

1 .233 

1.328 

1.350 

1.448 

1.477 

O.T 

1.047 

1 .085 

1.228 

1.320 

1.343 

1.439 

1 .467 

0.8 

1.033 

1.058 

1.141 

1.186 

1.195 

1.233 

1.242 

0.9 

0.9945 

0.9852 

0.9303 

0.8842 

0.8670 

0.8028 

0.7848 

1 .0 

0 

0 

0 

0 

0 

0 

0 


Table 5. 13v Continued 

b) for q = 2 


/x 


1 —T 

) s 0.4 iP » 0.8 1 

■ .f ^ 

_L 

1 

P - 1 i: 

— L 


P = 5 

0 


1.080 

1.185 

1.236 

1.250 

1.287 

1.297 

0.1 

1.032 

1 .050 

1.106 

1.129 

1.135 

1.144 

1.147 

0.2 

0,9916 

0 .9734 

0,9165 

0.8803 

0.8698 

0.8223 

0.8118 

0,3 

0,8297 

0,7633 

0.4990 

0.3945 

0.3679 

0.5124 

0.2953 

0.4 

0.9980 

0,9988 

0.9791 

0.9625 

0.9570 

0.9438 

0.9386 

0.5 

1 .032 

1.658 

1.131 

1.165 

1 .174 

1.209 

1,216 

0.6 

1.045 

1.080 

1.190 

1.247 

1.263 

1.520 

1i333 

0.7 

1.044 

1.079 

1.186 

1.242 

1.257 

1.312 

1.325 

0.8 

1.031 

1.054 

1.118 

1.148 

1.156 

1.182 

1.188 

0.9 

0.9947 

0.9869 

0.9493 

0.9237 

0.9160 

0 .8887 

0.8813 

1.0 

0 

0 

0 

0 

0 

0 

0 
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5 } able 5.13 s Concluded 

c) for q = 3 


X 

! 1 

lp-0.05 ]p 
! -1- 

1 

= 0.1 ip 

X 

«— 

1 

= 0.4! 

! 

p = 0,8 j 

I 

1 t 

p = 1 1 

1 

P = 3 i 

! 

t 

p = 5 

9 

1*0 4-4* 

1.075 

1.158 

1.194 

1 .202 

1.232 

1 ,239 

0.1 

1.029 

1.047 

1 .093 

1.110 

1.113 

1.127 

1.130 

0.2 

0.9879 

0.9758 

0.9336 

0.9109 

0.9031 

0.8835 

0.8783 

0.3 

0.8697 

0.7793 

0.5617 

0.4808 

0.4668 

0.4026 

0 . 389 5 

0.4 

1.001 

0.9993 

0.9861 

0.9767 

0.9750 

0.9640 

0.9615 

0.5 

1.032 

1.054 

1.112 

1.136 

1.143 

1.162 

1.167 

0.6 

1 .044 

1 .074 

1.160 

1.199 

1.210 

1 .242 

1 .250 

0.7 

1 .043 

1 .073 

1.157 

1.195 

1.205 

1.237 

1.245 

0 .8 

1 .030 

1.050 

1.102 

1.123 

1.129 

1 .145 

1.149 

0.9 

0.9953 

0.9884 

0.9611 

0.9454 

0.9411 

0.9260 

0.9222 

1.0 

0 

0 

0 

0 

0 

0 

0 
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a) HINGED -HINGED b) FREE BODY OF AN 

ELEMENT d§ 



c) FREE -CLAMPED d) CLAMPED -CLAMPED 








ea 5:1b. VARIATION OF PERCENT INCREASE IN 
i-v- for; CLAMPED - HINGED COLUMNS 
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klG! 5.5.d. VARIATION OF e ALONG THE AXIS FOR HINGED- HINGED 
TARERED COLUMNS WITH q = 1 



p=0.1 
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TAPERED COLUMNS WITH q = 
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TAPERED COLUMNS WITH 



iCj^Ta VARIATlON , 0 ALONG THF AXIS FOR CLAMRF.D - CLAMPf: U 

COLUMHS with q =1 



^.YbrVARilAtlOM; AXIS FOR CLAMPED - CLAMPFD 

tA^EP .COLUMNS WITH q =2 
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^;?C.;WHATI0N OF e ALONG THE AXIS FOR CLAMPED - CLAMPED 
'T/^RE&i: CQLU WITH q=3 



PED 
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F^;S.8b. \«^RIATIQN OF ->j ALONG THE AXIS FOR CLAMPED- CLAMPED 
tAPERED CaUMNS WITH q=2 





FIC. 5 9 a. VARIATION OF e ALONG THE AXIS FOR CLAMPED - HINGE 
TAF'ERED COLUMNS WITH q=1 



FfG 5.9b. VARIATION OF e ALONG THE AXIS FOR CLAMPED- HINGED 
TAPERED COLUMNS WITH q = 2 










CLAMPED- CL AMPE[ 


CLAMPED-HING 


fG.5.11. VARfATlON'.OF 'NUMBER .OF .ITERATIGG'S 
WITH '.p.-: . 



CHAPTER - 6 


PHIPORM-HOIHOMOGEEBQTTR -R-R AMR 

6*1 Introduction 

Pro.blens of optimal design of vibrating elastic 

homogeneous elements have been thoroughly investigated in 

1 2 

the recent past . Ifiordson considered a simply supported 

beam v/ith geometrically similar cross-sections (q = 2) and 

determined the optimal tapering which maximizes the funda- 

1 

mental frequency of transverse vibrations . Brach considered 
a whole group of Euler-Bemoulli beams characterized by a 
linear relationship between second area moment and cross- 
sectional area (q = 1), and optimized their shapes with 
respect to fundamental frequency for all kinds of homogeneous 
boundary conditions. Karihalbo and Piordson optimized the 
shape of a cantilever beam with respect to its fundamental 
freq,uency for q = 1, 2 and with and without any tip mass. 

It was found that for q = 1, in the absence of a tip mass, 

the frequency is unbounded. This agrees with the similar 

1 . ' ' ■■■ ' 1 5 ' ■ 

result obtained by Brach . Karihaloo and Piordson 

further considered the problem of determining the shape of 
simply supported laterally vibrating beams,, with q = 1, 2 
and 3, that have the highest, possible value of the first 
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fundamental frequency under a given axial compressive load. 

They concluded that for q = 1 and in the absence of any 

compressive load j no increase in the fundamental frequency 

over that of a uniform beam is possible . This agrees with 

15 

the result obtained by Brach . 

All the above mentioned investigations leave been 
conducted for elastic homogeneous beams with a prescribed 
modulus . As stated in Chapter 1 , an attempt is made here to 
investigate the possible increase in frequency by a proper 
variation of modulus along the axis of the beams with 
uniform and tapered cross-sections . The investigation in 
this chapter is, however, confined to uniform-no nhomogeneous 
elements. A study of tapered -nonhomogeneous beams is 
presented in Chapter 7. 

In these studies, modulus and area variations are 
constrained by the relations (3.2.8) and (3.3.26) respect- 
ively. Because of the limitations stated in Qhaptersi and 
3, number of design variables is restricted to two (e andt) 
for the tapered and to one (e) for the uniform beam. It iS| 
therefore, as in the case of a column, assumed that unifo^ 
beam is made of a material having a constant density and 
variable modulus . 

In Section 6.2, the Bqn. of equilibrium and 
boundary conditions, for H-H, 1-0, C-C, and C-H end condiWo^^ 



for tho general case of a tapered -nonhomogeneous befaia are 
derived. These are then specialized for the uniform beam in 
Section 6.2.2. The optimal problem is stated in Section 6.3 
and governing eoLuation and the optimality condition are 
derived in Section 6.4. These are solved for different 
types of end conditions in Sections 6.5 and 6.6 for p = 1 
and p ^ 1 respectively. Comments on the numerical computa- 
tions are presented in Section 6.?. Results are finally 
presented and discussed in Section 6.8. 


6*2 Equation of Equilibrium for Transverse Vibrations of 
a Tanered-ITonhomogeneous Beam 


Prom classical vibration theory, it is well-known 
that a linearly elastic beam can vibrate harmonically in 
anyone (or linear combination) of its infinite number of 
natural modes. The differential equation governing the 
motion is easily written as; 


2 2 

^ (El = 0)^ P A w 

d r 


( 6 . 2 . 1 ) 


where oj is natural frequency and all other variables are 
defined in Section 3.2. Using the dimensionless Yariables 
defined in Eqn. (3.2.7), above equation easily reduces to; 



where X is the dimensionless square of the frequency 

p<l 1,3+q (,2 

X = — ^ 

CC E 

0 0 


(6.2.3) 


6,2.1 Boimdary conditions 

Solution of Eqn. (6.2.2) requires four boundary 
conditions for each set of end-conditions considered in this 
chapter. These are stated below. 


Singed-ginged 


n * A n \ ^ 

y(0) = erfy i = (eilT ) , . 

‘x=0 4=1/2 


= y (1/2) = 0 


(6.2.4) 


Eree-Clamned 


erfy"! = (erpy ) 

x=0 


n t 


x=0 


= y(l/2) = y (1/2) = 0 


(6.2.5) 


Qlamped-Qlamped 


H , I 


y(0) = y'(0) = y’(l/2) = (etpy ) 


X: 


= 1/2 


0 ( 6 . 2 . 6 ) 


- Glam.'ped-Hinged 
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It may be noted that the conditions of symmetry 
have been used in stating (6.2,4) and (6.2.6), as the 
fundamental mode shapes are expected to be symmetric in the 
case of hinged “hinged and clamped-clamped beams. Besides., 
it is worth mentioning that the quantities e rfy” and (eiiV'V 
respectively, are proportional to the bending moment and the 
shear force at any station x. 


6.2.2 Eauilibrium equation and B.C.’s for uniform beam 


Uniform beam, as in the case of column, is assimaed 
to be made of a material allowing a prescribed variation of 


modulus but having constant density. This makes 


p a = 1 


( 6 . 2 . 8 ) 


e = i- = (6.: 

P 

where both P and a are constants. Equilibrium Eqn. (6.2.2, 


(6.2.9) 


md the B.O.’s (6.2.4) - (6,2.7), now reduce to 

tl tt 

(ey ) = ^ y 


( 6 . 2 . 10 ) 


y(0) = (ey ) ^ = y (1/2) = (ey ) ~ ° 


( 6 . 2 . 11 ) 


(ey )^_n = (®y ) v-n = ' ^ = 7 (D - 0 


( 6 . 2 . 12 ) 



170 


y(0) = y (0) 

y(0) = y (0) 


y (1/2) = (ey 2. 

( 6 . 2 . 13 ) 

y(i) = (ey")x=i = 0 (c-H) ( 6 . 2 . 14 ) 


6.3 Statement of the Problem of Optimisation 


The optimization problem can be stated as the 
determination of modulus distribution such that the frequency 
of transverse vibrations for the fundamental mode of a 
uniform beam of given mass and geometry, is a maximum. 

Following the arguments in Section 3.5, analytically, the 
problem may be restated as : 

Minimize 

1 

e = / e^dx 5 p > 0 (6.3»15) 

0 


such that 

(ey ) = X y ( 6 . 2 . 10 ) 

g. = 0 , i = 1»2,3j4 (6.5»16) 

, , 

It may be noted that equation of equilibrium (6.2.10) is 
treated as a constraint and g^^ represent boimdary conditions, 
stated ia each of the equations (6.2.11) - (6, 2.14)* 
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6.4 ffecessary Conditions and the Governing Equations 

necessary conditions for the problem stated in 
Section 6.3 will now be obtained by applying the equations 
(2.3.12) to (2.3»18). The problem is, therefore, cast in the 
format of control theory. Defining 


y-1 = y 

(6.4.17) 

72 = y‘ 

(6.4.18) 

y^ = ey = M(x) 

(6.4.19) 

y^ = (ey ) = y(x) 

(6.4.20) 


Equation (6 *2 . 10), which is of fourth order, can be represented 
by the following four first order equations . 


^1 

f 

^3 

t 


^2 = *1 
h - . 


e 

= 

= xy. 


■5 

f, 


( 6 . 4 . 21 ) 

(6.4.22) 

(6.4.23) 

(6.4.24) 


^4 " ^■'1 " "4 

functional J, defined in Sqn. (2.2.S) is now easily written 

as;r'': ■ 

• (6.4.25) 


I + .1 


- ‘ i“i ^ ‘■■'0 “ i 1 
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Tills yields following expressions for the functions G and Hj 


defined in (2.3-9) and (2. 3-10). 


Gr = "^1^1 "^2^2 "^4^4 

(6.4.26) 

4 

2 = >1^1 - ^ 0 '=*’ = ^1^2 + ^2 f + 


+ 

(6.4.27) 

Application of Eqn, (2.3.1'2) yields tho following 
equations for the multipliers X^(x). 

adjoint 

1 

II 

(6.4.28) 

^2 = - 

(6 .4 .29) 

x* = -h 

3 0 

(6.4.30) 

II 

1 

04 

(6.4.31) 

Simple algebraic manipulation of these equations 

gives ; 

04^ 

11 

1 

4^ 

(6.4.32) 


(6.4.33) 

!i ; 1 

(ex^) 

(6.4.34) 

and 


' ■ . 1! tl ■’ 

(ex^) - X x^ = 0 

(6.4.35) 


Thus the adjoint Bqns . (6.4»2S) to (6.4»31 )» ^reduce uo a 
single fourth order Eq^n* (6»4*-35) iJi the multiplier 



173 


Equations (6.4.32) to (6.4.34) express other multipliers 
( j ^ 2 ’ ^3^ terms of and enable the boundary conditions 
on 3 to be written in terms of X^, These can be easily 
obtained by applying Eqn. (2.3.15) to different end 
conditions . Procedure for each of the end conditions being 
the same, the steps are presented in detail for the H-H beam 
only. 

Hinged-Hinged 

Inserting t) = 1 in (6.2.4), fimction G- defined in 
(6.4.26) reduces to; 

G = + y^^iO) + y^j^i^/Z) (6.4.36) 

Applying (2.3.15a) and (2.3.15b) to G in (6.4.36), one gets 


o 

11 

3 

1 

— 

(6.4.37) 

0 - X 2 ( 0 ) = 0 

(6.4.38) 

Yg - ^ 3 ( 0 ) =0 

(6.4.39) 

0 - X^(0) =0 

( 6 . 4 . 40 ) 

0 + X ^ ( 1 / 2 ) = 0 

( 6 . 4 . 41 ) 

Yj + X2(1/2) = 0 

(6.4.42) 

0 + X^(l/2) = 0 

(6.4.43) 

^ + xyi/ 2 ) = 0 

(6.4.44) 
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Eqiual/ioiis (6#4#38)i ( 6 # 4 * 40 )^ ( 6 * 4 « 41 ) and (6®4#43) prc'/idG 

I 

the B.C*^s on ^ b which easily reduce to: 

^^CO) = = X^(l/2) = = 0 (6.4.45) 

Equations' ( 6 . 4 . 37 ), ( 6 . 4 . 38 ), ( 6 . 4 . 42 ) and ( 6 . 4 . 44 ) 
determine the constant miiLtipliers , Y2> Y3 respect- 


ively. It is easily seen that if is not identically zero, 
All these multipliers will not be zero simultaneously. 

Pree -Clamped 


G = Y.^y3(Q) + 72^4(0) +Y5y.,(l) + Y 4 y 2 (l) 

(6.4.46) 

x^(Q.) = x^(0) = ■ :^(1)' « X4(1) = 0 

(6.4.47) 

or 


(°^ 44=0 = ° ° 

( 6 . 4 . 48 ) 

Clamped-Clamped 


s = Y^yiCo) + Y2y2(0) + Y^ygd/z) + Y4y4(i/2) 

(6.4.49) 

Xj(o) = x^co) = x^(i/ 2 ) = Xjd/a) = 0 

(6.4.50) 

or ; : _ . , ■ ^ 


\Co) = x^Co) = ^4(1/2) - (6X4) ^ 
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Clamped-Himed 


G = 

Yl^l 

(0) + 

Y 2^ 2 ^ ^ ^ 

Vjyjd) + Y^y-,d) 

(6.4.52) 

X3(0) 

= 

x^(0) 

= x^d) 

= \U) =■ 0 

(6.4.53) 

or 






x^(0) 

= 

x'(Q) 

= x^d) 


(6.4.54) 


Expressions determning Yj_’s for E-C, 0-0 and 0-H 
beams are not y/ritten,as it will be seen later that their 
magnitude is not involved in determining the solutions. 

Fow,a comparison of the conditions (6.4.45), (6.4.48), 
( 6 . 4 . 51 ) and ( 6 . 4 . 54 ) on with the corresponding conditions 

(6.2,11) to ( 6 . 2 . 14 ) on 7 ^reveals that the bomdary conditions 

on and y are identical. Besides, it is evident from the 

equations (6.2.10) and (6.4.35) that and y are governed 

by the same differential equation. This is a fortunate 

situation which permits writing of the solution for the 

multipliers in terms of the state variable y. This was 

observed in the case of columns also. 

Evidently X 4 and y are related through the following 
4 

expression. 

X^ — — Ky E >0 ( 6 . 4 . 55 ) 

Introduction of -ve sign in (6.4*55) will bo clear while 
deriving the optimality condition. 
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Optimality condition 

ffow application of the.Eqn. ( 2 . 3 .I 3 ) to the 
function H defined in ( 6 . 2. 27), yields; 

aH ^2^3 , p -1 

3 g ~ " 2 ^ ( 6 , 4 . 56 ) 

e 

Equations (6.4.19), (6.4.33), (6.4.55) along with (6.4.56), 
give ; 


e 


1 -p 



XqP 

K 


(6.4.57) 


Left hand side of Eqn. (6.4.57) must be positive 
"2 , 

as e >. 0 and y >.0. Since and p are positive, K > 0. 
This explains the particular form of and y relationship 

in ( 6 . 4 . 55 ) » 

Equation (6.4.57) establishes a relationship 

t! 

between the control variable e and the state variable y and 
hence may be interpreted as the optimality condition. 

' ■ f! ' ■ 

Besides it is evident that e and y are related throiigh 
( 6 . 4 . 57 ) only f or p / 1. When p equals 1, it reduces to: 


w 

J 




(6.4.58) 


In other words , optimality condition is independent of the 
control variable and requires mode shape to be suen that 
the magnitude of curvature remains constant . Sinilar 
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condition v/as cbtainod for the imiforrn coluinn also, is 
reported by Prager and Taylor^ for a homogeneous element 
with q = 1. Mathematically, the problem considered by them 
and the one considered here are equivalent. 

Equation (6.4.58) will determine the node shape 
and equation (6.4.10) then provides the optimum modulus 
distribution. 

Por p 1 , equation (6.4.57) determines e in terms 

.. n 

of y v/hich when substituted in (6.4.10) yields an equation 
in y, which has to bo solved for prescribed boundary 
conditions. It is , thus, evident that separate solutions have 
to be obtained for p = 1 and p 1 . 

6.5 Solution for n = 1 

A study of the relevant equations easily reveals 
that the problem essentially involves five unknovms ~ e, y, 

, E and X . The number of available equations to deter- 
mine these is only three — (3.3.26), (6.4.10) and (6.4.58). 
It appears, therefore, that the available equations are 
not sufficient. This is not, however, true as explained 
below. 

Assuming the problem to be a normal one, can 
be assigned any positive value. Besides X is an eigen 
value of the Eqn. (6.4.10) and so y ean bo determined 
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uniquely only within a scalar multiplier. This means that 
among the five unicnowns , two are arbitrary constants and the 
solution must not depend on them. Identifying and K as 
these constants, and defining u as another displacement 
function: 


u 



- 1/2 


(6.5.59) 


Y/here it is assumed that K / 0. Equation (6.4.58) reduces 
to: 

u = + 1 (6.5.60) 


EFow defining 



(6.5.61) 


equation (6.4*10), therefore jreduces to 


It 

e = + u 


(6.5.62) 


It may be noted that u in (6.4.59) » unlike y, is a unique 
displacement fimction for a particular set of boundary 
conditions. Besides, if a plus (minus) sign is used in 
(6,5.60) then plus (minus) sign is to be used in (6.5.62) 
also . 


Ex-pressions f or X and' e 

The relationship (3.3 .2g) , determines following 
expression for X , 



179 


1 

e = / e^dx 

o 


1 

X / 


o 


e dx 


or 


X 


1 

/ e dx 

0 


(6.5.63) 


(6.5.64) 


The distrihution of e is then easily determined from (6.5.61) 

e = X e (6.5.65) 

It is, thus , evident that Eqns. (6.5.60), (6.5.62), 
(6.5.64) and (6.5.65) provide the relevant set of equations, 
which have to be solved for different end conditions. 


6,5.1 Hinged-Hiraged beam 

The mode shape of a H-H beam does not peimit any 
change in the sign of curvature along the axis. Only 
plus ( + ) sign is to be used in Eqns. (6.5.60) and (6.5.62). 

u" - 1 (6.5.66) 

e" - u (6.5.67) 

.!! 

Mow, boundary conditions being homogeneous and u being 

unity,Bqn. (6.2.11) provides the following B.C.'s on u and 

n, 

:, 0 ; 

u(0) = u'(l/2) = ?(0) = e'(1/2) = 0 


( 6 . 5 . 68 ) 
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Integration of Eqns. (6.5.66) and (6.5.6?) is very 
simple. Doing this for the B.C.'s stated in (6.5.68) and 
using (6.5.64) and (6.5.65), following solution is easily 
obtained . 

u = ~x(x - 1) (6.5.69) 

e = (x^ ~ 2x^ + x) (6.5.70) 

^ = ^20 (6.5.71) 

2 e dx 

o 

e = - 2x^ + x) (6.5.72) 

Defining dimensionless frequency as the square root of X, 

one gets 

1 i 

=(X)2^ (120)2= 10.96 (6.5.73) 

Frequency for the corresponding uniforin--huinogeneous bean 
2 

being % , this gives 

^ 10^6 ^ ^04 (6.5.74) 

“e tt2 

Modulus variation thus results in 11.04 percent 
increase in frequency. The required e distribution is 
provided by Eqn. (6.5.72). It is easily seen that c 
increases gradually from zero at the hinged end to tne 
maximum (e,.^^ = 1 .5625) at the middle of the beam. The 
variation, graphically, is shown in figure 6.2. 
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6.5*2 Free -Clamped beam 

Integration of Eqns. ( 6 . 5 . 66 ) and ( 6 . 5 . 67 ) for the 
boundary conditions 

u(l) = u (1) = e(0) = e’(0) = 0 (6.5.75) 

obtained from Eqn. (6,2.12), easily yields the following 
solution. 


u .= 

A/ 

e = 

X = 


o 




0 ) 


E 


max. 


^ .. 1 

— - X + ^ 

(6.5.76) 

n(x^ - 4x^ + 6x^) 

(6.5.77) 

1 

-1 = 20 

1 r\, 

J e dx 

0 *^ 

(6.5.78) 

^(x"^ - 4x^ + 6x^) 

(6.5.79) 

Vx = 4.47 

(6.5.80) 

= 1 .2693 

(6.5.81) 

= e(l) = 2.5 

(6.5.82) 


Time modulus yariation results in an increase of 
26 # 93 in frequency#: T-lie desired modulus distribution 

is determined by the Eqn. (6.5«79)« Variation of o is 
shown in Piguro 6#3® is seen that o gradually increases 
from zero at the free end to maximum ' walue ^ ^max ~ 2.5f 
at the clamped end# 
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6.5.3 



Mod© shape for a C-C beam is characterized by an 
inflexion point at x = x^. Region of integration (O < x 1 0.5) 
is, therefore, divided into two parts represented by the 
subscripts 1 and 2. Since the magnitude of curvature is 
constant, + sign in (6.5.60) and (6.5.62) is used for the 


region 1 and - sign for the region 2. Considering continuity 
conditions at x^, following appropriate equations and 
boundary conditions can be easily stated. 


0 < X. < X {Q < X < x) 

-- 1 — 0 — — 0 


(6.5.83) 

(6.5.84) 


O' ±^2 ± 0.5-x^ (x^ 1 £ 0.5) 


(6.5.85) 

( 6 . 5 . 86 ) 


u '[(O^ u^ (O) = 

e^(x^) = §'2(0) 


(6.5.87) 

(6.5.88) 


^’(x^) + ^2^0) = 0^ 

U2 (0 ) = u^ (x^ ) 

U2(0) = u^(x^)-' 

U 2 ( 0.5 - 2:^) = 62(0.5 - = 0 


(6.5.89) 

(6.5.90) 

(6.5.91) 

(6.5.92) 
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It may be noted that and are the running coordinates 
in regions 1 and 2 respectively. Equations (6.5.88) to 
(6.5.91) state continuity conditions on moment, shear, 
deflection and slope respectively at the inflexion point. 
Moment at x^ is zero because of the change in sign of 
curvature at this point . 

It is simple to determine the solution of Eqns. 
(6.5.83) to ( 6 . 5 . 92 ) and so the details are omitted here. 
The solution obtained is: 


X, 


0.25 


(6.5.93) 


u. 


'V 

e. 


u. 




1 2 
2 ^1 

+ 23 

24 “ 64 6144 

^2 ^2 1 

"2 4 ^ 32 


j 0 £X^ <.0*25 (0 ix_< 0 , 25 ) 


(6.5.94) 

(6.5.95) 


(6.5.96) 


X^ X^ 

_2 _2 ._2 , ^ ^ 
24 “ 24 “ 64 384 2 


; 0 5 . £.0.25 (^•25<.2c £ . 5 ) 


(6.5.97) 


Mow using (6.5.64) and (6.5*65) 

1 15360 
X = —1747 ' ' 23 

2[/ +7 egdx^] 

y O'' ■ O 

' 4- ' 

o^(xp = X = 667.a(^ - 17 + g- 144 ) 


= 667.8 (6.5.98) 


(6.5.99) 
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4 

= X Og = 667.8(^ 

3 

" ^ 

Xg 5 X 2 

" H 384^ 

(6.5.100) 

Co = 

Vx = 25.84 



(6.5.101) 

% 

“e 

25.84 ^ 1537 

22.4 ~ '•>631 



(6.5.102) 

°1 

max 

= 0^(0) = 2.5 



(6.5.103) 

®2 

= 02(1/4) = 1.196 



(6.5.104) 


max 


Equations (6.5*99) and (6.5.100) provide optimum e 
variation along tho axis . This results in an increase of 
15.37 percent in frequency over the corresponding uniform- 
homogeneous hcamifor which frequency Uj, is 22.4. Figure 6.4 
shows variation of e graphically. It easily reveals that 
the maximum value e^„^ is 2.5 at the clamped end. From 2.5, 
it reduces to zero at the inflexion point and then gradually 
increases to 1.196 at the mid point (x = 1/2),. 

6 . 5.4 Clamped -Hinged he am 

Mode shape for this beam is also characterized by 
an inflexion point x^, whose location is to be determined from 
the solution. It is easily seen that Bqns. (6.5.83) to 
(6.5,91) of Section 6.5»3, are applicable in this case also. 
Only the Eqn. (6.5*92) is to be replaced by 
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U2(1 ~ Xq) = 62(1 - x^). = 0 (6.5.105) 

It nay be mentioned that the region 2 here corres- 
ponds to 0 

Equations (6.5.83) to (6.5.91) together with 
(6.5.105) yield the solution after some simple algebraic 
manipulations. The equation obtained to determine x^ is; 

2x^ -4x^+1 = 0 (6.5.106) 

This gives 

x.Q = — = 0.2929 (6.5.107) 

The solution for u and e can be easily written as: 


Ui 

1 2 

“ 2 ^1 ’ 

Q ^ x^ < x^ (0 

^ X c x^ ) 

( 6 . 5 . 108 ) 

®1 

= - v) 

- 04^0 -="4 


( 6 . 5 . 109 ) 

U 2 

1/2 2\ 
“ 2 ^^0 ” ^2^ 

+ ; 





0 i Xj < 1-x„ 

( 2^0 - ^ 

(6.5.110) 

®2 

4 3 

^ “ 6 

2 2 

X x^ 

4 ^2^2 


( 6 . 5 . 111 ) 


where 0^ and C 2 are constants of integration having the 
following values. 
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Cg = (1 - 1) = 0.02484 (6.5*112) 

Cl = - (G^ + ^) = - 0.02903 (6.5.113) 


The above relations now give 


X . 1 -X . 

/ e^dx^ +/ egdXp 
o 0 


03^ = ][x = 17.465 


(0 


0 




E 


17.465 
15 .421 


1 .1326 


305.05 


(6.5.114) 

(6.5.115) 

(6.5.116) 


Using Bqns. (6.5.109) and (6.5.111) for e^ and 62 and ^ 
from ( 6 . 5 . 114 ), Eqn. (6.5.65) easily provides e (e^ and 82 ) 
variation. . Computations reveal 


= e(0) = 2.5 ( 6 . 5 . 117 ) 

max 

e = e(0.63) = 1*405 (6.5.118) 

“^nax 

The solution, thus, indicates an increase of 13.26 
percent in frequency. Distribution of e required to produce 
this is shown in Figure 6.5. It is easily seen that the 
maximum e required, as for C-C beam, is 2.5 at the clamped 


end . 
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It may also be notea that the inflexion point 
location for C-C and C-H imiform-nonhonogeneous becmis is the 
sane as that for the corresponding columns in Chapter 3. 

This should be expected because the optimality condition, 
both for columns and beams, requires a deflection node shape 
with constant ma.gnitude of curvature. 


6.6 Solution for p 1 


Defining the displacement function v as 


T 


j (-1^) 


(6.6.119) 


Equation (6.4.57) reduces to: 

, '»2vl/p-1 

e = (v ) ' ^ 


( 6 . 6 . 120 ) 


Hsre,e is v/ritten in this form to ensure that e > 0 
irrespective of v being positive or negative. Substituting 
e in terms of v , Eqn. (6.2.10) gives a single equation in v. 


jS±l 

^ If 1 

h P'b = ^ 

low making the transformation 


( 6 . 6 . 121 ) 


n-1 


U = X 


V 


( 6 . 6 . 122 ) 


Equations (6,6,120) and (6.6,121) reduce to: 


W2^p-1 


(u 


(6.6.123) 
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» 2+1 n 

[ 3 ^ 3 = [u" p~' ] = 

(u”2)1-P 

Integrating (6.6.123) between the linits x = 
using (3»3»26),X can be detenained as; 


n (6.6.124) 


0 to X = 1 and 


X _ - (6.6.125) 

} (u"^)P"^ dx 

o 

The problem thus reduces to the solution of Eqn. 

(6.6.124) for a prescribed set of boundary conditions. 1 
unique solution, specifying mode shape, is obtained. Equations 

(6.6.125) and (6 .6 .125), then,detennine the eigenvalue Xand 
the corresponding e distribution. 

Governing Eqn. (6.6,124) being nonlinear, its 
solution is obtained numerically by the method of successive 
iterations for the four end conditions, like K-H, E-G, C-C 
and C-H,, considered in Section 6.6. The solution is determined 
in Sections 6.6.2 to 6.6.5» 

6.6.1 Singular behaviour 

tt 

Eom of Eqn» (6.6.124) suggests that (u ) 
represents bending moment . Since bending moment vanishes 
at hinged and free ends and at the points of inflexion, 
these points for p < 1 are obviously characterized by a 
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singularity in the curvature u‘' . toerical integration of 
(6.6.121) reveals that the knowledge of exact analytical 
behaviour of u around the singularity is very important, not 
only for reaching the convergence but also for arriving at 
any meaningful results. 

Study of the singular behaviour is done, as in the 

case of columns in Section 4.2, by following the approach 

12 

used by Kiordson . Defining s by • 

g _ _ (g < Q fgp p < 1 ) (6.6.126) 

I — p 

Equation (6.6,124) can be written .in rltemate expanded form. 

s(u'')®"'‘ 1?-'^ + s(s-1)(u’y~^ u’"^ - u = 0 (6.6.127) 

Do?/, displacement function u is expanded in a power series 
around the singularity, as: 

“fc 2 

u + a^x + + a.jX + ... (6.6.128) 

Here t is a fraction which is expected to lie between 1 and 
2, thereby TnA.Tri •n.g u singular at x = 0. Since, only the term 
involving t is of importance, one can write 

t 

u d' X 

Derivatives of u can, then, be written as: 


( 6 . 6 . 129 ) 
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! 

11 'V 

+ t-1 

t X 

(6.6.130) 

If 

u ^ 

t(t-l) x^“^ 

(6.6.131) 

HI 

U 

t(t-l)(t-2) x^-^ 

(6.6.132) 


t(t- 1 )(t- 2 )(t- 5 ) 

(6.6.133) 


Substituting those in (6.6,127) > collecting the coefficients 

s ib " "" 2! 0 ""‘'"w 

of the leading term x , t is determined from the 

relation; 


st - 2s - 1 = 0 


(6.6.134) 


or 


t 



1 + 


1 + p 


■1 + 3p 

1 + p 


(6.6.135) 


It is thus clear, that for p < 1* 1 < t < 2, v/hich makes u 
singular. For p > 1 , it is evident that t > 2 and hence 

fl t* 

curvature u will vanish at x = 0. Curvature u , therefore, 
being singular for p “‘■1 and zero for p > 1, Sqn. (6.6.125) 
gives e = 0 at the points where bending moment is zero. In 
the absence of any constraint on the minimum value of 
modulus, this is expected physically also. 

Contribution A due to the peak 

Effect of peak due to singularity , while numerically 
integrating ( 6 . 6 . 1 24 ) , cannot be ignored . It is determined 
by approximating the u curve near the singularity by 
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u 


ax 


t-2 


= ax' 


P+1 


( 6 . 6 . 136 ) 


where a is a constant, which oai be approximated by matching 

f! 

u at X = h. During numerical computation, h is taken to 
be the spacing between successive divisions. The value of 
a, thus, determined is 

(6.6.137) 

The area (A ) under u curve between x = 0 and x = h is 
easily determined by integrating (6.6.136). 



h ^ 

A =• a / xJ^ dx 
o 


(|^) liu"{h) 


( 6 . 6 . 138 ) 


6.6.2 Binged-Hinged beam 

Eqiiation (6.6.124) is to be solved for the boundary 
conditions (6.2.11) which are restated here in terms of the 
variable u. ’ 


u(0) = u‘(l/2) = 0 

(6.6.139) 

p+1 


"■'lx=0 = ° 

(6.6.140) 

£±1 


[u ^ ] = ° 

(6,6.141) 

x=l/2 
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condition (6.5.140) implies; 


TI 

u(0) = « forp<1 

( 6 . 6 . 142 ) 

u ( 0 ) = 0 for p > 1 

( 6 . 6 . 143 ) 


Integration of (6.6.124) between the limits x to 1/2, along 
with the condition ( 6. 6.1 40 ), gives: 


V(x) 



£±i 

P-1]' 


1/2 

= - J* u dx 


(6.6.144) 


where "^(x) represents shear force. Integrating (6.6.144) 
between the limits 0 to x and employing the condition (6.6,140), 

It 

u is determined from: 





X 1/2 

/ / 


££L 

2 P+’' 
u dx ] 


(6.6.145) 


ti 1 

Integration of u between the limits x to 1/2 gives u , 
which when integrated in turn between the limits 0 to x, 

t 

yields u. Performing this and using (6.6.139) > n and u 
are determined from: 



1/2 

J u dx 
X 


X 1/2 n 2 

u = - / / n dx 

O X 


( 6 . 6 . 146 ) 

(6.6.147) 
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X 1/2 X 1/2 2^9 

u--/ / [-/ / u dx^] (6*6.148) 

0 X 0 X 

To establish an iterative scheme to determine u, Eqn,- 
(6.6.148) can be rewritten as: 

, , Erl 

X 1/2 X 1/2 p+1 

iin+l = - / / [- / / u ax^] ax^ (6.6.149) 

OX ox 

Here, subscript n repres to the particular stage of 
iteration. 

Steps in iteration 

i) Choose some initial function u, which may or nay not 
satisfy the boundary conditions. It was chosen such 

n 

that u = 1 . 

ii) Using Eqns. (6.6.144) to (6.6.148), determine V(x), 

?! ! 

u , u and u respectively. The solution obtained 
after the first iteration, may not satisfy the 
governing Eqn. (6.6.124), but satisfies all the 
boundary conditions. It may be mentioned that function 
u at every stage of iteration was kept negative, as 

" ' ^ ' ' ' _L.'- ''' 

u was selected to be positive,which implies negative 
u. : 

iii) Using the function u thus determined, repeat the 

step (ii) until there is no appreciable change in u 
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after two successive iterations. To avoid any 
premature termination, convergence is obtained on the 
value of which is determined at every stage of 
iteration from Eqn. (6.6.125). Once the convergence 
is reached, e distribution is then easily determined 
from. Eqn. (6.6.125). 

Region of integration is divided into 100 equal 
parts. Integration, in double precision, is done by trape- 
zoidal rule. Though the convergence is quite rapid, still 
the number of iterations varies with the value of p. 

The solution is obtained for several values of p, 
varying from O.OE to 10. lor p, <0.1, the results are of 
theoretical interest only, as the obtained e distributions 
may not be achieved practically. Curve of percent increase 
in frequency versus p (Figure 6.1) is monotonic, frequency 
increasing with decreasing p. Yariation of e along the axis 
with p as a parameter is shown in Figure 6.2. Curves are, 
however, drawn only for three values, p = 0.08, 1 and 10, 
indicating the general trends . All the results are presented 


in Table 6 .2 
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6.6.3 gree-Clamped beam 

• m 

Governing Eqn, (6. 6. 124), in this case, is to be 
solved for the boundary conditions (6.2.12). These are 
restated , here , in terms of u. 

2±1 2±1 ' 

[u” P"'^] = [u" P"'']' = u(1) = u'(1) = 0 

x=0 x=0 

( 6 . 6 . 150 ) 

First of the four conditions in (6.6,150), implies 


!! 

u (0) = » for p < 1 (6.6.142) 

u (O) = 0 for p > 1 (6.6.143) 

Following the steps of Section 6.6.2, Eqn. (6.6.124) 
along with the conditions in (6.6.150), easily give the 
following expressions. 




£±1 

-h 


X 

J u dx 
o 


(6.6.151) 



( 6 . 6 . 152 ) 


f 


u 


* n 
/ u dx 

X 


I J " 2 

/ / u dx^ 

X s ' 


1 1 X X 


S I IS I 

X X o o 


(6.6.153) 

P~1 

2iP'^'‘ . 
u dx J dXp 


(6.6.154) 
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I'bsra'tivs solu'tiorL for u is obtainod in a mannor 
similar to that described in Section 6.6.2. The details, 
therefore, are omitted. Initial function in this case also, 

II 

is taken as u = 1 . 

Ha-ving determined u and x from the iterative 
process, e distribution is obtained from (6.6.125). The 
solution is obtained for the values of p selected in. Section 

6 . 6 . 2 . 

Yariation of percent increase in frequency over the 
corresponding xmiform-homogeneous beam is monotonic, and is 
shown in Figure 6.1. Variation of e along the axis is 
shown in Figure 6.3, for p = 0.6, 1, and 10. Complete results 
are presented in Table 6.3. 

6.6.4 Clamoed-Olamped beam 

Mode shape in this case is characterized by the 
existence of an inflexion point, at x = x^, whose location 

II 

is also to be determined. Since curvature u changes sign 
at X = Xq , the region of integration, as in Section 6.5.3, 
is divided into two parts, represented by subscript 1 and 2. 
BesideSythe conditions (6.2.13), "the solution has to 
satisfy the continuity conditions at the inflexion point. 

The relevant equations and conditions, therefore, arc. 



197 


p+1 

[ui: ]" 


i = 1,2 


(6.6.155) 


( 0 ) 


u^(0) = 0 


( 6 . 6 . 156 ) 


p+1 

P~1 


£±li 
/’ P-1i 


(6,6.157) 


P+1 

r " P-1'1 ’ 
[^1-1 ^ ] 

• X. 


[1^2 


( 6 . 6 . 158 ) 


u^(x^) = U2(0) 


(6.6.159) 


u,|(x^) = UgCO) 


(6.6.160) 


U2(0.5-Xq) 


E±1 , 

r '» p-ln’ 

1^0 i 


= 0.5-x, 


(6.6.161 


Equations (6.6,156) to (6.6.159) state continuity conditions 
at X = Xq . The two regions (1 and 2) are described by the 

running coordinates x^ and Xg. 

Integration of (6.6.155) foP i = 1, twice with 
respect to and use of (6.6.156) > easily gives. 


1±1 , ^0 

If - [u” 4^1 


(6,6.162; 
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If 0 0 2 p*!* 1 

u-j ^ L ^ ^ u^dx^ •«» *^^^0 ~ ^* 1 )^ (6*6#163) 

^1 ^1 

where 

P+1 

Y » [u!,' P'*'*]' (6.6.164) 

Integratiiig now (6.6.155) for i » 2, once with 
respect to Xg and using continuity of shear (6.6.157) at the 
inflexion point , one gets : 



Application of zero shear condition (6.6.161) at the middl e 
point determines Y. 

0.5-3C^ 

Y *= - / UgdXg 


(6.6,166) 
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integrating (6.6.165) and using condition (6.6.15?) 


of zero moment at , one gets: 


3^2 ^2 


u. 


2 


P-1 

p 

[ / / UpdXp + Vx^] 

0 0 


(6.6,16?) 


Expressions for and U2 are now rewritten after inserting 
expression (6.6.166) for V, 


X X 

o o 


0.5-x^ 


Ui 


[ / S u-jdx^ + (Xq - ) / 

3C X 0 


UgdXgJ 


^p+1 


x^ 0^5-x 

It r 2 #• 

u = ^ [ - J J U2^2 ^2 

o o 0 


£xl 

o P+1 

U2dZ2J 


(6.6.168) 


(6 .6r169) 


It may be noted that Ug is put in the above form to ensure 

If 

that U2 is always negative in every iteration. Besides, 
this makes the quant it3'‘ within brackets always positive, to 
avoid encountering the problem of a negative quantity being 
raised to a fractional power (^^) • 

Integration of (6,6*168) and (6.6.169) along with 
(6.6.156) and continuity conditions (6.6.159) and (6.6.160), 
yields expressions to determine deflection u and slope u . 


X, 


u. 


= / U^ dx^ 


(6.6. 1?0) 


X. x* 

• 1 1 „ 2 
Ui = / / U^dx^ 

0 0 


(6.6.171) 
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( 6 . 6 . 172 ) 


^ ^ {j 2 I 

- J f UodXo + x^u. (x^) + u. (x ) 

2 Q Q 22 2 1 0 1^0^ 

(6.6.173) 

It may be noted that while carrying out the 
integrations in (6.6.170) and (6,6.172), effect of singula- 
rity for p < 1 is to be accounted, properly. 

Equations derived so far, determine the solution 
for a particular value of x^. This is determined from the 
condition of zero slope (6.6.161) at x = 1/2. This gives; 


0«5"Xo Xq 

E(x^) = / UgdXg + / u^dx^ = 0 (6.6.174) 

o 0 

Steps in iteration 


(1) Choose some initial value of x^; x^ = 0.25 provides a 
good starting point, 

(2) Select initial functions for u^ and Ug. Ihese were 
taken such that u-j and Ug are positive, whereas u^ 
is positive and U 2 is negative . This is important 
for the proper working of the iterative process. 
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(3) Defining 




/ u.dx. 

^1 


(x^ ) 



2 

/ u.dx. 

^1 





/ UpdXp 
0 


Dl2(x2) 


Xo 

-C p 

/ / Ugdxig 


(6.6.175) 


( 6 . 6 . 176 ) 


( 6 . 6 . 177 ) 


( 6 . 6 . 178 ) 


determine D-j(x^), PI^(x^), ^ 2 (^ 2 ^ Dl 2 (x 2 )* 

( 4 ) Determine V from (6.6.166). In terms of function ^ 2 * 
it is given by: 

T = - 12 ( 0*5 -x^) (6.6.179) 

n 

( 5 ) Equations (6.6.168) and (6.6.169), now, provide u 

distribution. Equations (6.6.170) to (6.6.173), tnen, 
determine variation of slope and deflection along the 
axis . 

(6) Deflection function u (u-j and U 2 ) obtained in step 5, 
satisfies all the boundary conditions except (6.6.174). 

Dsing this, repeat the iterations from step 3 onwards 
till the solution converges. To avoid any premature 
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1 

(x^ ) = X '*5 ^ ± 1 ^ 1 \) (6.6.182) 

1 

e 2 (x 2 ) = ^ ; 0 < ^2 < 0.5-x^ (x^ <x < 1/2) 

(6.6.183) 

Solution reveals that, unlike columns, inflexion 
point location (x^) does change with the parameter p. This 
is presented in Table 6.1c. 

Percentage increase in frequency, increases 
monotonically with decreasing p. It is shown in Figure 6.1. 
Yariation of e along the axis is shown in Figure 6.4 for 
p = 0.6, 1, and 10, Complete results are presented in 
Table 6.4. 


6*6.5 



Mode shape in this case is also characterized by 
an inflexion point at x = x^, whose location is to be 
determined from, the solution.- The problem, heroj, being 
similar to that in Section 6,6*4) most of the details are, 


therefore, omitted . 

Equations (6.6.155) to (6.6.160)' are valid here 
also. Conditions in (6.6,161) are to be replaced by 
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De-veloping the equations for iterative solution, 
it is easily seen that Eqns . (6.6.162) to (6 .6.165), and 
(6.6.167) are applicable in this case also. V is then 
determined by applying the condition (6,6.184) of zero 


moment, at the hinged end. Ehe relation obtained is: 


¥ 


“ 


1-x 

o 

I 



^2^2 


(6.6.185) 


Inserting ¥ from (6.6.185) into (6.6.167), U 2 can be 
determined from.: 


U 2 - 


f ( — 2 _n 

L H-X ^ 


1 -x 

c 

I 

o 


3C, 

/ 






2 

U2dx2 


4m 4 

- I / 


UqdX ^ ] 


2ip+1 


(6 .6 .186) 


0-1 ” 

Pof/er in the above expression for Ug being a fraction, 

it can be used only when the quantity within brackets 

(say G(x 2)) is positive. As G(x 2) is the difference of two 

positive quantities (u 2 ^ O), it became negative. Ihe 

above expression, therefore, cannot be used. Aii alternative 

expression for U 2 was found. Using this, G(3t2) always 

remained positive during iterations. 


Alternative expression for U2 

Integration of (6.6.165) between the limits Xg 
to (1 -Xq), along ?/ith the zero moment condition \ 5. 6. 184) 

at the hinged end, gives: 
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P+1 1-x X 

Ug ^ = - [(1 - 2 Cq - X2)Y + / / UpdXp] 

”V /-V C- <L 


(6.6.187) 


Satisfaction of the condition of aero moment at X2 = 0 in 

(6.6.187), gives an expression for T, which is the same as 
the relation (6.6.185). Expression for Ug, then, becomes; 


^2 


1~x x^ 

o 2 2 

• [ / I U2dx2 - 


? 2 


(6.6.188) 


It is evident that the quantity within brackets in Eqn. 

(6.6.188), is always positive for U2(x2) 0. Slope u and 

deflection u, can now bo determined from Eqns. (6.6.170) to 
(6.6.171). Ihe equations thus developed, satisfy the 
governing equation and all the boundary conditions, except 
the condition (6.6.184) of zero deflection at the hinged 
end. It is to be used to determine x^. Ihe following 
termination criterion, to determine x^, was used, 

< e (6.6.189) 

u(0.5Gj - 

Since the magnitude of maximum u is not known apriori, and 
it varies considerably with the value of p, the above 
criterion a,voids premature termination. Value u(0.50) 
(deflection at X = 0.50) was used, as maximum deflection 
occurs around this value . 
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-the itoration follows, virijually, the same steps 
as statsd. in Soction 6 «6 Eigen valuie X and. modulus e 
distributions, are determined from: 


X 


f 


6 '>‘"1 


(u?) 


P-1 


1-x 


(6.6,130) 


dx 


0 ^ p-1 




dXr 


e^(x.^) = X (u^^)^”'’ I 0 <. < x^ (0 <x ;<x ) (6.6.1,91) 


(xp) = X (up^)P“'' 5 0 £ ^9 1 1 - 2 ^q 1 ^ 1 1 ) (6.6.192) 




Solutions aro obtained for different Talues of p. 
Percent increase in frequency, as in other cases , increases 
monotonica-lly with decreasing p, and is shown in figure 6 . 1 . 
The corresponding distributions of e for p = 0 . 6 , 1 and 10 , 
are shown in Figure 6 . 5 » All the results, however, are 
presented in Table 6 . 5 . 

6.7 Oonnnents on the Method of Successive Iterations 

A convergence study is made to study the efficiency 
of the method for various end conditions. It is found tnat 
the convergence takes place in few iterations, if p is 
around one. Kumber of iterations -■ n increases with a 
decrease or increase in the value of p; increase in n 
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being sharp for high or low values of p. For instance in 
the case of H-H beems, n for p = 0.7 is 7 and for p = 0.08, 
it is 58. It is further found that for a particular value 
of p, number of iterations is virtually the same for all 
types of end conditions. A curve of n versus p is, therofore, 
presented in Figure 7.6 for the H-H beam only. 

Determination of solution for different values 
of p can be done in two ways. One can either choose any 
initial starting function u(x) for each p, or the function 
u(x) obtained for a particular value of p can be used as 
the initial starting function for the next value of p. 

Since in the latter case, initial function satisfies all the 
boundary conditions of the problem (specially in H-H and 
F-G cases) , and is expected to be a closer approximation to 
the actual function, number of iterations required is 
expected to be less. Experience, however, reveals that in 
both the cases convergence requires same number of iterations . 

Some numerical difficulties are encountered in the 
case of C-C and G-H beams, where a singularity occurs at 
the inflexion point, whoso location is also to be determined 
along with the solution. Experience shows, that while 
approximating contributions and Ag ^^ae to the pealc at 
the inflexion point (Figure 4*'^) Eg should be 

nearly of the same magnitude. If i’b is 
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] 36 GOiii 6 d. if f iculij bo bctfisfy "tli© ’fcGimina'tion crifspionj and 
there is a danger of encountering numerical instability. 

So the region to the left as well as to the right of is 
separately divided into 100 equal divisions for numerical 
integration, and then the solution is obtained by the 
iterative schemes presented in Sections 6.6.4 and 6.6.5, 

This works nicely, and can be determined to a fair degree 
of accuracy. However, the distribution of e obtained is not 
convenient to represent, as one would like to specify the 
value of e along the axis at equidistant points, whereas 
the above scheme prescribes e at equidistant points, in each 
of the regions before and after the inflexion point. 

In order to overcome this difficulty, an alternative 
scheme is followed. Inflexion point location x^ , is first 
determined accurately in the manner explained above. In the 
G-G case, interval 0 x <_ 1/2 is divided into 200 equal 
parts and x^ is, then, approximated to the nearest mesh size 
(h = 0.0025)- This enables one to keep = e^ = h. With 
this approximate location of x^, the solution is determined. 
The results obtained are fairly accurate, as the frequency 
does not seem to be very sensitive to the small approxi- 
mations in the location of x^. 
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A similar approach could not be used in the case 
of C-H beams j even though the mesh siae after dividing the 
interval 0 <. x <. 1 into 200 parts, is 0.005. Approximation 
of Xq even within this accuracy of h, introduces a large 
approximation. So the region h within which x^ lies, is 
further subdivided into 10 equal parts, and then x^ is 
determined within the accuracy of h/lO, i.e., 0.0005., 
location x^, thus determined, satisfies termination criterion 
to a reasonable accuracy. The results presented in this 
thesis, are obtained by the scheme just presented. 

6.8 Results and Discussion 

The solutions obtained in this chapter are 
presented in the form of tables and curves. Variation of 
percent increase in the frequency with p for H-H, R-O, C-C 
and C-H end conditions is presented in Table 6.1, and is 
sho'vvn in Rigure 6.1. The corresponding e distributions, are 
given in Tables 6.2 to 6.5j 3^^© shown in Rigures 6.2 to 

6.5. Computations are restricted to oiiLy those small values 
of p, which yield meaningful values of e, as it will be 
impractical to achieve very high values of the modulus. 

A study of tables and curves reveals that 
variation of percent increase in frequency with p, as in 
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the case of columns for all end conditions is monotonic, 
frequency increasing with decreasing p. Theoretically, any 
increase in frequency can be achieved, but this is restricted 
by the fact that the corresponding modulus distributions 
desired to achieve it become impractical (e tends to bo 

iUcix 

very high). Still, modulus variation offers the possibility 
of a substa-ntial increase in frequency, for example in a 
H-H beam an Increase of 33*97 percent in frequency can be 
achieved with a physically realizable value of e^„ = 3.230, 

lilclX 

12 

This increase, however, is only 6.6 percent in the case of 
homogeneous tapered beam, with similar cross-sections. 

The general nature of the curves of e variation 
along the axis, for all end conditions, is similar to that 
of the bending moment variation, with and occurring 

at the stations , where bending moment is a maximum or a 
minimum. Thus e ^ occurs either at the clamped end or at 
the point of symmetry (H-H case), and e ^.. ^ , (which is zero 
here^ occurs at the ends which are hinged or free, and at 
the points of inflexion. Location of inflexion point (Table 
6.1c and 6. Id), for both G-C and G-H end conditions, varies 
with p. It is seen that with increasing values of p, there 
is a decrease in the value of x^, i.e,, inflexion point 
shifts to the left. This general trend saves computer time 
in numerical determination of ^o* 
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It Ci-.-i bo fuitlior notiGd, ■that; thGi’G is hardly any 
differoncG in the general nature of the curves of e distri- 
bution for different values of p, except that there is a 
sharp vo.riation in e and with decreasing p. In all th 

cases, as p tends to be large, e curves become flat with 
values approaching almost unity, i.^e., the beam tends to 
become an Buler beam. Similar result was obtained in the 
case of columns also. 

An interesting observation can be made, here, 
regarding the location and magnitude of in the case of 

F-C, C-C and C-H end conditions. It is found that in all 
these cases, has the same value and occurs at the 

clamped end for a particular value of p. 

FinaJ-ly, it is appropriate to make few comments on 
the physical realizability of the obtained e distributions. 
As already stated in Section 6.2.2, T) is unity and p and a 
are constants for the uniform beam under consideration. 

In such a case one can achieve the desired e distributions, 
either by keeping P and a equal to unity or such that their 
product equals one. If p = 1 , one needs to develop a 
material with the desired , e distributions and a constant 
density, which should be the same as that of the corres- 
ponding Euler beam. From physical standpoint, this may 
be difficult to achieve. Designer in such a case can 
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ch.oos6 3. >”^5 i.s.j cposs— ssctional arsa, of tih.e non— 
homogeneous beam being larger than that of the Euler beam. 
This from Eqn. (6.2.8) requires p < 1, which from (6.2.9) 
implies E < e. This appears to be physically meaningful and 
one should be able to meet the requirements on actual 
modulus distributions given by E, rather than e. Specially 
in the case of beams , with q > 1 , by keeping a > 1 one can 
considerably reduce E for the same e. In other words one 
can hope for, still, higher increases in frequency than 
what are presented here by performing the computations for 
smaller values of p. 

Possibility of a <1, perhaps, will be detrimental 
because it requires for the same e, P >1 and E e . Though 
increased density is favourable, but is definitely 
limited, because of the limitation on specific modulii of the 


available fibers. 
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Table 6.1; Variation of frequency (to), percent increase in to 
and inflexion point location Xq with p 

a) for hinged-hinged beams 


p 

0.08 0.2 

0.4 

0.7 

1 

3 

10 

05 

13.22 12.46 

11 .79 

11 .25 

10.96 

10.31 

9.995 

percent 

increase 

53.97 26.25 

19.42 

14.03 

11.04 

4.48 

1.27 

Table 6.1; 

Continued 







b) for free- 

-clamped beams 




P 

0.6 0.8 

1 .0 

1.5 

3 

5 

10 

05 

4.934 4.658 

4.470 

4.196 

3.880 

3.739 

3.624 

percent 

increase 

40.35 32.49 

27.0 

19.35 

10.36 

6.35 

3.09 

Table 6.1; 

Continued 







c) for clamped-clamped beams 



P 

0.6 0.8 

1.0 

1.5 

3 

5 

10 

to 

27.33 26.46 

25.84 

24.90 

23.68 

23.25 

22.75 

percent 

increase 

22.02 18.11 

15.57 

11.18 

5.72 

3.80 

1.59 

^0 

0.2625 0.2550 

0.250 

0.2425 0.2350 

0.2300 0.2275 

Table 6.1; 

Concluded 







d) for olamped-hinged beams 



P 

0.6 0,8 

1.0 

1.5 

3 

5 

10 

to 

18.28 17.80 

17.46 

16.90 

16.28 

16.03 

15.46 

percent 

increase 

18.55 15.45 

13.26 

9.S'1 

5.58 

3.97 

0.25 


0.3060 0 2985 

0.2929 

0.2850 0.2750 

0.2700 

0.2700 
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Table 6.2; Variation of e along the 
uniform beams 


axis for hinged-hinged 


X 

j p=0.08 

1 

}p = 0.2 
1 

• 

o 

fl 

ip = 0.7 

t 

i p = 1 

? 

il 

1! 

O 

0 

0 

0 

0 

0 

0 

0 

0 

0.05 

0.1141 

0.1254 

0.1541 

0.2017 

0,2488 

0.4822 

0.7624 

0.10 

0.3973 

0.3868 

0.4055 

0.4479 

0.4905 

0.6775 

0.8628 

0.15 

0.7979 

0.7268 

0.6980 

0.7016 

0.7188 

0.8207 

0.9253 

0.20 

1 .268 

1.1 Oo 

1 .002 

0.9468 

0.9280 

0.9333 

0.9697 

0.25 

1 .761 

1 .490 

1.297 

1.172 

1 .113 

1 .023 

1.003 

0.30 

2.232 

1 .848 

1.562 

1.368 

1.270 

1.094 

1.028 

0.35 

2.643 

2.155 

1.785 

1 .528 

1.396 

1.147 

1 ,046 

0.40 

2.961 

2.390 

1.952 

1.646 

1 .488 

1.185 

1.058 

0.45 

3.162 

2.536 

2.055 

1.718 

1.544 

1 .207 

1.065 

0.50 

3.230 

2.587 

2.090 

1.743 

1.563 

1 .215 

1.068 


Table 6.3; Variation of e along the axis for free-clamped 
uniform beams 


X 

Ip 0.6 

t 

Ip =0.8 

I 

men 

ns 

I p = 3 

I P = 5 

? - 

I p = 10 
JL« 

0 

0 

0 

0 

0 

0 

0 

0 

0.1 

0.0260 

0.0355 

0.0468 

0.0802 

0.1957 

0.3316 

0.5436 

0.2 

0 . 1 328 

0.1527 

0.1747 

0.2315 

0.3808 

0.5172 

0.6931 

0.3 

0.3314 

0.3467 

0,3667 

0.4210 

0.5551 

0.6654 

0.7954 

0.4 

0.6173 

0.6058 

0.6080 

0.6333 

0.7183 

0.7907 

0,8742 

0.5 

0.9797 

0.9171 

0.8854 

0.8582 

0.8706 

0.8995 

0.9382 

0.6 

1 .406 

1 .268 

1.188 

1.089 

1.012 

0.9952 

0,9916 

0.7 

1 .883 

1.649 

1.507 

1.320 

1.143 

1 .080 

1 .037 

0.8 

2.398 

2.049 

1.835 

1.547 

1.265 

1.156 

1 .076 

0.9 

2.944 

2.462 

2.167 

1.770 

1.377 

1.223 

1 .110 

1 

3.512 

2.884 

2.500 

1.987 

1 .481 

1.285 

1.141 
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Table 6.4» the axis for clamped.-claniped 


I f t 

^•n -rr n.„, ““ n .A ? 


X 

Jp = 0.6 

JL__ 

!p = 0.8 

X . 

! P = 1 

9 

0 

3.514 

2.884 

2.500 

0 .05 

2.665 

2.236 

1.978 

0,10 

1.867 

1,610 

1.459 

0.15 

1.144 

1.016 

0.9489 

0.20 

0,5255 

0.4762 

0.4576 

0.25 

0.0660 

0.0314 

0 

0.30 

0.2389 

0.3332 

0.4054 

0.35 

0.6131 

0.6900 

0.7402 

0.40 

0.9298 

0.9698 

0.9897 

0.45 

1.137 

1.147 

1.144 

0.50 

1.209 

1.207 

1.196 


ip = 1.5 

-J 

^ 104 

I P = 5 

f 

i p = 10 

1.986 

1.483 

1 .284 

1.141 

1.637 

1.309 

1.179 

1.088 

1.269 

1 .108 

1.051 

1.021 

0.8798 

0.8675 

0.8862 

0.9281 

0.4585 

0.5461 

0.6309 

0.7633 

0.1098 

0.3483 

0.5416 

0.7290 

0.5298 

0.7005 

0,8037 

0.8907 

0.8136 

0.8917 

0.9344 

0.9645 

1.009 

1.011 

1 .012 

1 .007 

1.125 

1.078 

1.055 

1 .029 

1.164 

1 .100 

1 .068 

1.036 


Table 6.5s Variation of e along the axis for clamp ed-hinged 
uniform beams 

X }p = 0 .6 {p = 0.8 1 p = 1 ,’p = 1.5! p = 3 ! P = 5 i p = 10 

! I ! ! ! ! ! 


0 

3.508 

2.887 

2.500 

0.1 

2.092 

1.797 

1.616 

0.2 

0.8726 

0.7921 

0.7494 

0.3 

0.0222 

0.0703 

0.0535 

0.4 

0.6024 

0.6705 

0.7200 

0.5 

1,213 

1 .196 

1.180 

0,6 

1.534 

1 .451 

1.392 

0.7 

1.493 

1.405 

1.345 

0.8 

1 .119 

1 .082 

1.059 

0.9 

0.5364 

0.5600 

0.5838 

1.0 

0 

0 

0 


1 .987 

1.481 

1.284 

1.141 

1.384 

1.169 

1.093 

1.045 

0.7201 

0.7496 

0.8014 

0.8825 

0.1698 

0.4171 

0.5894 

0.7464 

0.7907 

0.8805 

0.9244 

0.9544 

1 .143 

1 .087 

1.058 

1.028 

1.292 

1.165 

1.105 

1.053 

1 .250 

1.136 

1.085 

1.043 

1.029 

1 .002 

0.9961 

0.9972 

0.6371 

0.7408 

0.8131 

0.8940 

0 

0 

0 

0 
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6.4. VARIATION OF e ALONG THE AXIS FOR CLAMPED - CLAMPED 
UNIFORM BEAMS 






CHAPTER -- 1 


TAPEBED-IOMOMOGElBOnR PEAM.q 

7.1 Introcluotion 

PrcblGEL of optimal design, of tapered-nonhomogeneous 
beams is considered in this chapter. Modulus, cross-sectional 
area and density are treated as design variables. Hov/ever, 
because of the limitations stated in Chapter 3, simultaneously 
all those are, not assumed to vary independently. Rather, 
only two (e and T]) independent design variables are considered 
in the present investigation. Equation of equilibrium, and 
the boundary conditions in terms of these variables, are 
stated in Section 6.2. Essentially speaking, present problem 
differs from the problem investigated in Chapter 6, only in 
an additional cmstrstjlajfe^pecifying the given mass of the 
beam, and a design variable t). General approach is therefore 

going to be the same as that in Chapter 6. 

Besides the parameter p, general formulation 
involves another integer parameter q, which is introduced to 
incorporate a variety of cross-sectional shapes. Solution 
is obtained for hinged— hinged and free-clamped boundaiy 
conditions for q varying from 1 to 3» It is found that in 
the case of free-clamped beam,' for q - 1} Jio neanijagful 
solution exists. 
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Coi?pospoiidiiig probloms fop iiomogonoous boains hsivo 

been investigated by ETiordson”'^, Brach^^ and Karihaloo and 
14 

liordson . It is found that results obtained, he re, for 
large values of p, which amounts to constant modulus, asjuap- 
totically approach to those obtained by liordson. 

Optimization problem is stated in Section 7.2. 
Corresponding necessary conditions and the governing, equations 
are derived in Section 7*3« Governing equation is singular 
at points where bending moment is zero. Singular behaviour 
is,theref ore , analytically investigated in Section 7.4. 
Governing equation is , then , solved numerically in Sections 
7.5 and 7.6 for hinged-hinged and free-clamped end conditions. 

7 .2 Statement of the Problem 

Problem requires the determination of e(x) and 
Ti(x) such that the frequency of transverse vibrations for 
the fundamental mode, for a beam of given geometry, cross- 
sectional shape and mass, is a maximum. Considering equation 
of equilibrium as a constraint, equivalently as in the case 
of column in Chapter 5, the problem can be restated as 
Minimize the dimensionless mass 

1 

_ j* t] dX 
0 


(7.2.1) 
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such that 


f e^dx = 1 

(7.2.2) 

0 

(etfy ) = X py 

(7.2.3) 

gj_ = Q , i = 1 , 2 , 3, 4 

(7.2.4) 


Yariables used in the above equations are defined in Section 
6.2 and represent boundary conditions. 


7.3 Ifecessarv Conditions and Governing Equations 


It is convenient to work in terms of the variables 
s, T) and y instead of e, T) and y, ?fhere s is given by 


's(x) 


et}^ 


or 


(7.3.5) 


( 7 . 3 . 6 ) 


Physically s may be interpreted as the stiffness . Equations 
( 7 . 2 . 2 ) and (7.2,3) then reduce to; 


1 „P' 


I 

o n 


PI 


dx 


fl 1! 


(7.3.7) 

(7.3.8) 


(sy ) =XT)y 

Mecessary conditions will now be obtained by 
applying the Egne. (2.3.12) to (2.3.18). Problem is, therefore, 
cast in the format of control theory. 
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(7.3.9) 


J2 = 7 


M(x) 


(7.3.10) 

(7.3.11) 


Ja = (sy ) = v(x) 


(7.3.12) 


Equation (7.3.8) v/hich. is of fourth order , reduces to the 


following four first order equations, 


(7.3.13) 


= 


(7.3.14) 


(7.3.15) 


XTiy. = f. 


(7.3.16) 


Eunctional Jj defined in (2.3.8) can nov/ he easily written as. 


? = Z YiSj. + / [Xo’l ^ .1 

i=1 o 


(7.5.17) 


This yields following expressions for the functions G and H, 
defined in (2.3.9) and (2.3.10) 

G = Y-|g-| + Y2S2 ^^3^3 ■^ ‘'^4% (7.3. 18) 


“ = j, 


(7.3.19: 
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or 


H 


^ 1^2 




+ 
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+ 




5 ^pq 


1) 

(7.3.20) 


Application of Eqn. (2.3.12) to the function H, 
easily gives an equation in X ^ which has the same form as 
Eqn. (7.3.8). It can be further seen by applying Eqn. (2.3.15) 
to function G for the homogeneous boundary conditions - H-H, 
E-G, C-C and G-H — that satisfies the same conditions as 
those by y. Eotails are omitted here, as they can be seen 
in Section 6.4. Solution for therefore, can be written 
in terms of y; 

= -Ky (7.3.21) 


where K is a positive constant. 

Applying the necessary conditions (2.3.13) for the 
control variables s and i;);, following relations are obtained. 


IE 

a s 


X 2^ 


s 


- p,-.£t2. = 0 

5 ^pq 


(7.3.22) 


an 

SIT 


t - ^o V'^ 


= 0 


(7.3.23) 


Since X. from (6.4.35), which is valid here also 

^ If' ' : 

provided e is replaced by s, is known in terms of x^, Jiiqns. 
(7.3.22) and (7.3.23) easily reduce to: 
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Ky 




,p-1 


5 t^pq 


(7.3.24) 




T^pq+1 


(7.3.25) 


These equations can be rewritten asi 


^P-l 


Si 


"2 


11 


pq 


Y 5 P 


(7.3.26) 


s 

11 


+ XKy 


Kqy 


"2 


(7.3.27) 


Equations (7.3.26) and (7.3.2?) determine s and p in terms 
of the state variable y and therefore can bo interpreted as 
the optimality conditions . low as stated in Section 6.5? 
the present problem will also have two undetermined constants. 
The solution must not depend on the values of these constants. 
Assuming the optimal problem to be a normal problem, and 
K can be identified as the undetermined constants. Slaking 
the transformation 


XK 

u = C^) y 


( 7 . 3 . 28) 


equations (7.3.26) and (7.3-27) are rewritten as: 


.p-r 


11 


pq 


(— ^) u 


"2 


(7.3.29) 
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T] 



1 + 

Ti p j 
U 


(7.3.30) 


Simple algebraic manipulation of (7.3.29) and (7.3.30) gives 


tl 



(7.3.31) 


(7.3.32) 


Equation (7.3.32) gives t) in terms of u. Since s and t] are 
relate,! through (7.3.30), Bqn. (7.2,3) can^therefore, be 
written in terms of the state variable u only. The equation 
obtained is : 


1 


I j 


= q 


Il+lO 


2\P-1 


"2xp 


(u ") 


1+pq-p 


u 


(7.3.33) 


It may be noted that u in Eqns, (7.3*32) and (7 •3.33) is 
put in a particular form shown above , to ensure that p and 

It 

s are positive and changes in the sign of u at inflexion 
point are properly accounted for. 

It is convenient to rewrite the Eqn. (7.3.33) as. 



(7.3.34) 
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?/hore 


(X 


and 


rpq 

(7.3.35) 

2r(1 + pq) - 1 

(7.3.36) 

^(p - 1) 

(7.3.37) 

2rp 

(7.3.38) 

1 

1 + pq - p 

(7.3.39) 


Expressions for e, t), and A 

Eigen value X is to be determined for !) = 1 , so 
that mass of the tapered-nonhomogeneous beam and the corres- 
ponding Euler beam is the same. Integration of (7.3»32) 
with respect to x between the limits 0 to 1 gives: 


(^)(^) 

Xq "q' 


P 


where 


1 


/ 


ds 


(pq+1-p) 


1 ■ 




(,5 _ 

(X) _ L J 


(7.3.40) 


(1.3.41) 


1 

I = ; „ (x) dx 

■ .0 ■■ 


(7.3.42) 


Defining 
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relation (70-40) and (7-3.32) reduce to; 


O ^ ' 


(7.3.43) 


.U) = 

±1 


l_r .(lO)P~7 , 

I, ^ , ''9vr, -1 (7i3. 


1 ^ (u"2)P - 

FcWjEqns. (7.3.5) and (7.3.31) yield following 
relationship for e . 

_ 


44) 


or 




low defining 


o 


and 


or 



(7.3.45) 

1 

. ^0 V r (lO)P« 1 (Pl+I-P) 
(u"2)P 

(7.3.46) 

1 

J [•(lO)P'J] Oq+1-p) 

(7.3.47) 

1 

= / e^(x) dx , 

(7.3.48) 

(7.3.46) between the limits 0 to 

1 gives; 

I 1 

— )(A *■ I e^dx = 1 
'gpi Pf 0 

(7.3.49) 

YjP? 

=r ■ « ■ 

(7.3.50) 
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Equatioiio (? ■3«4^) and (7»3*50)j now, giv6 an expression 

for X 



(7.3.51) 


or 


jl/p jCJ-l 

i.2 


(7.3.52) 


Elminating (Y^A^) from (7.3.46) and (7.3.50), e is deter- 
mined froms 



Optimization problem thus reduces to the solution 
of the governing equation (7.3.34)? for a prescribed set of 
boundary conditions. Eigen value X is then determined by 
the Sqn, (7.3.52), and the corresponding t)(x) and e(x) 
distributions are obtained from (7.3.44) and (7.3.53). If 
is quite evident that the solution does not depend on the 
magnitude of the constants and K. 

Numerical solution of Eqn. (7.3«34) will, now, be 
obtained by the method of the successive iterations for the 
hinged-hinged and free-clamped beams. 
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7.4 Singular Behaviour 


Dijnens ionlsss benaing laomeii't M(x) ai any staiion 
can be expressed in terms of the Yariable u, with the help 
of expressions (7.3.30) and (7.3.44). 


M ( X ) 


!t 

S U 


^(y2)i+pq -I 


(7.4.54) 


Since 7—^^ - 1: 1 , u is “ at points where bending moment is 
zero. Singularities are, therefore, encountered at the 
hinged and free ends while integrating (7.3.34). lumerical 
experience reveals that , exact knowledge of the analytical 
behaviour of u around singularity is crucial to get any 
convergence to the meaningful results. Before attempting 
any solution of Eqn. (7.3.34), it is, therefore, important 
to investigate the singular behaviour. The general approach 

is discussed in detail in Section 6.6.1. 

Equation (7 •3.34), after some algebraic manipulation, 

can be rewritten in the following expanded form: 


j'j >7 

b A(x) + [2b u^A(x) + 2a B(x) - q u u + 

n 'z 

u^[b u^A(x) + 2a C(x) - q u u ] = 0 


(7.4.55) 


where 


u u 


IV 


iH 


A(x) 


+ (b+1) u 


(7.4.56) 
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B(x) = 
C(x) = 


** 3 OT. * ** *** * 0 O 

uu »2buu u u +u u‘^ (7.4.57) 

u u - 2b u u u u + (2a-1 )u ^ u ^ (7.4.58) 


Terms in Sqn. (7.4.55), have been arranged in such a manner 
that the teri'as containing like powers of x, when u is 
represented by a series expansion around the singularity, are 
put together. Essentially it consists of three terms, each 
containing several terms having the same powers of x, power 
being different for individual major terms . 

To investigate the singularity, which without 
any loss in generality is assumed to be at x = 0 for conven- 
ience, u is expanded in the form (6.6.128). function u can 
then be approximated around the singularity by 

u V x”*" (6.6,129) 

where t could be a positive fraction or a negative fraction 
or a negative integer. Depending on the value of t» following 
possibilities exist, 

j It 

(i) t > 2, none of the quantities, u, u and u is singular 

n 

(ii) 1 <t < 2, only u is singular 

, f .1! 

(iii) 0< t <1, u and u are singular 

! n 

(iv) t <0, u, u and u are singular 

These possibilities, while they existed even in 
Section 6,6, the recognition of these as such becomes 
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important, here, in viev? of the three terms A, B, C, which 
were not present in the earlier case. One would, now, like 
to determine t,to investigate the nature of singularity. 
Prom (6.6.129), derivatives of u can he approximated as; 


f 

11 


t 

(7.4.59) 

If 

u 

t(t-1)x‘^“^ 

(7.4.60) 

f! 1 

u 

A/ 

t(t-1)(t-2)x'*^’^ 

(7.4.61) 

iT 

U 

t (t-1 ) (t-2) (t-3)x'^~'^ 

(7.4.62) 


Now anyone of the three terms in Eqn. (7.3.55) 

could become a leading term, depending upon the behaviour of 

t n 

u, u and u . Each of them is, therefore, investigated for 
the singular behaviour. 


First term 


Substituting for u and its derivatives in terms 
of X, first term gives: 

b A(x) = b t^(t-l)^(t-2)(bt + 1 -Sbjx^"^"^ (7.4.63) 

Equating the coefficient of ^ to zero, t is determined 
as ; 



(7.4.64) 


Writing b in terms of the constants p and q, (7.3.64) reduces 

to: 7 ' ' 7:7 '/X r 
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t 


1 + 




1 + pq + p 


(7.4.65) 


Sines p > 0 mm q ^ j is ©vidsni iimi; 1 < i < 2 • Hsucg* 
if first term is going to be the leading term of (7.4.55), 

II 

only u is then singular. 

It may be mentioned here, that positive integer 
values of t are of no interest, as they cannot lead to 

I K 

singularities in u or u or u . 


Second term 

This term can be written as; 


p n 3 

2b u A(x) + 2a 3(x) - q u u 

= t^(t-l)^ [(2b^ + 4a - 4ab - q)t^ + 

(2b - 8b^ + Sab - 2a + q)t - 4b(l - 2b)]x^'*^"^ 

( 7 .. 4 . 66 ) 

Equating the coefficient of ^ to zero, t is determined 
from the following quadratic equation. 

(2b^ + 4a - 4ab - q)t^ + (2b - 8b^ + Sab - 2a + q)t 


4b (1 - 2b) 


(7.4.67) 


Computations for all possible values of p and q, 
reveal that t in (7.4.67) does not have any real roots. 
Thus, the second term is hardly of ary interest. 
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Third term 

This term can be Witten as; 

[b u^A(x) + 2a C{x) - q. u 

2 !. , 2^2 0 

= t (t-1) [{b + 4a(a-b) - q}t^ +{b(l-4b) + 2a(4b-l) 

+ (l}t - 2b(l-2b)] _ (7.4.68) 

fit fs 

Equating coefficient of x in (7.4.68) to zero, t is 
determined from the following quadratic equation. 

[b^ + 4a(a-b) - q]t^ + [b(l-4b) + 2a(4b-1 ) + q]t 

- 2b(l-2b) = 0 (7.4.69) 

Numerical walues for the two roots of t are 
computed for various values of p, with q = 2 and q = 3. It 
is found that among the two roots, one is negative and the 
other is positive in all the cases. legative root, however, 
does not seem to be affected by the value of p. It can, 
then, be easily concluded that; 


t = - 2 

for q = 2 

(7.4.70) 

t = - 1 

for q = 3 

(7.4.71) 


Besides, it is further seen that positive root 

2p 

in all the cases is found to be greater than 1 +n.p^pq , 
the value determined in (7.4*65). Thus negative root only 
is of any interest, and it is clearly reflected tiiat nature 
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of the singularity in this case , depends only on q. The 
values in (7 *4 •TO) and (7«4«7'l)j therefore agree with those 
obtained by Karihaloo and Niordson"*^. 

It may be commented that the powers of x being 2t-6, 
4t-6 and 6t-6 for three possible leading terms, it is 
evident after dividing the Eqn. (7.4.55) by that the 

first term becomes the leading term for t > 0. Similarly 

G "ti G 

division by x° ~ , reveals that the thjrd term is the leading 
teim for t < 0. In bo'^h cases, Eqn. (7.4.55) remains 
satisfied at x = 0. If t is given by the first term, second 
and third terms are zero at x = 0, and if it is given by the 
third term, then the first and second terms vanish at x = 0. 
Thus, second term does not provide any information about 
the, singularity. This explains the existence of only 
imaginary roots of Eqn. (7.4.67). 

Eor q = 1 and any p, it is interesting to note that 
the coefficient of t^ in Eqn. (7.4.69) vanishes, as shown 


below. 

Eelations (7.3*35) to (7.3.39) for q = 1 give: 



(7.4.72) 


b = 1 + 2p 


(7.4.73) 


which yield: 

+ 4a(a-b) - 9 = (1+2p)^ + +p(p-1-2p) - ■> = ° (7.4.7+) 
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Equation ( 7 . 4 . 69)5 "bhBia determines t as; 


t 


2b(l-2b) 

bn-4bj + 2a(4b-1j + q 


= 1 + 2p > 1 


(7.4.75) 


Since 1 + 2p > 1 + ~ ""^^ 2 p ’ ^ determined from 

( 7 . 4 . 75)5 is raore than the value obtained from (7.4.65). 

Thus for q = 1 5 nature of the singularity is provided by the 
first term of (7.4.55). This result appears to be surprising, 
as the effect of end fixities has not been considered so far. 
For example yif for a free-clamped beam for q = 2 and 3 ,t is 
negative, then for q = 1 it is positive. In other words, 
while u, u and u are simultaneously singular for q = 2 and 
3, only u' can be singular' for q = 1. Gross-sectional shape, 
thus changing the character of singularity, is surprising in 
a physical sense, even though, mathematically, this is 
possible since the form of the differential equation charges 
Yfith q. 

This behaviour does not preclude an optimal solution 
for any set of boundary conditions. However, it is surpri- 
sing, as stated later in Section 7.6, that the case of free 
clamped beam does not have an optimal solution for q - 1 • 
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7 • 5 Hinged-Hinged Beam 

Equation (7#3»34) is to be solTed for the boundary 
conditions, stated in (6.2i4') . -Siiese can be rewritten in 
terms of the variable u. Equation, along with the B.C.’s, 
is stated here for convenience. 


[ 


"b J 


r ( 1+u^)° 1 

q 


u 


u 


(7.3.54) 


u(0) = = vi’(l/ 2 ) = [ 


u 


x=0 


_ 0 

"b -i “ ^ 

^ x=l/2 


(7.5.76) 

Following the steps in Section 6.6.2, following 
relationships are easily obtained. 


V(x) = 

rd+U^)®- 

L 

u 

i' (Hu^) o,. 

•] = - q / na ^ ■ 

X u 

(7.5.77) 

M(x) = 

(l+u^)^ 

u 

= - 1 f s 

0 X u 

(7.5.78) 

!! 

ll''" ■=- 

r 

-1 /r> O rt 

1/b 

(7.5.79) 


1 I s 

o X 


(Hu ) 


u 


"d 


u dx 


, 1/2 n 

u = - I U dx 


(7.5.80) 
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^ T-/2 H 2 

u = - / / dx 


X 1/2 

/ I 

'0 


X 

4 I f 

0 X 


V" (Unh' 


-Vb 


u 


"d 


u dx 


dx 


(7.5.81) 


Iterative solution of u, is obtained in a similar 
manner as outlined in Section 6.6.2. Once u is determined, 

X, r] and e are easily obtained from (7.3.52), (7.3.44) and 
(7. 3 .53) respectively. Solution is obtained for several 
values of p, varying from 0.05 to 10. lor <1=1, computations 
are performed from p = 0.05 to 5 and for q = 2 and 3, p 
varies from 0.1 to 10. 

7.5.1 Comments on numerical computations 

Initially, computations v/ere done by dividing the 
interval 0 ■< x £ l/2 into 100 equal parts. Integration is 
done, in double precision, by trapezoidal rule. To account 
for the effect of singularity at x = 0, while integrating 
u to get u , contribution h due to the peak is computed by 
an expression similar to Eqn. (6.6,138). Results indicate 
a peculiar distribution of "n. It is found that, specially 
for q = 1 and small p, p reaches from, zero to a very high 
maximum value at a point, which is close to the hinged end. 
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and then drops to the minimim value at x = I/2. At the 
outset, this looks strange as one expects p, which represents 
mass per imit length (cross-sectional area), to be zero at 
the hinged end and maximum at the middle, as in Eef.[l2]. 

In any case, requirement of large near the hinged end is 
hard to believe. One, therefore, suspects some kind of error 
in the numerical approximation around the singularity. In 
order to safeguard against such a possibility, a detailed 
investigation was carried out. 

Mesh size (h) was reduced to b/2 by increasing the 
number of divisions from 100 to 200 * It is found that 
except for p <0.1 and q = 1, which is hardly of any 
practical interest, the difference in results for 100 and 
200 divisions is insignificant. Even for p < 0.1, it is 
found that the difference in the increase in frequency is 
less than 2 percent. Since the computer time required with 
200 divisions is more, computations are perfomed with 100 
divisions only. Besides, it may be mentioned that the 
number of iterations required for the convergence in both 

the cases, is the same. 

In order to check any error involved in the 
approximation of A , contribution due to peak, which is 
obtained by matching u at x = h, the region 0 ^h is 
firrther subdivided into 10 parts. Matching of u 


is done 



241 


at X = ii/10. Computations reveal that in the case of q = 2 
aiid q = 3 , the effect of this inflation of the region around 
singularity, hardly has any effect on the results. Similarly 
the effect on the number of iterations required for conver- 
gence iB also insignificant. Since the time taken by the 
computer is not adversely affected, results presented in 
this chapter have been obtained after inflation of the 
singular region, as it is expected to yield better results. 

In the case of q = 1 , inflation does have 
significant effect, specially when p < 0.3. Though the 
increase in frequency is not significantly affected, value 
of ■>! does change appreciably. Actually, it is seen that 
the location of shifts towards x = 1/2, with increasing 

p (Table 7.1a). For p <0.3, this location is at x < h. 

This explains the difference in without 

inflating the region 0 ^ h. For p > 0.3, results are 

virtually the same , whether singular region is inflated or 
not. This indirectly suggests thati-the effect of singularity 
has been properly accounted, without any error. 

While computing the results for different values 
of p , an intex*esting observation was made. Solution can 
be determined in two ways. One can either choose any 
initial starting function u(x) for each p, or the function 
u(x) obtained for a particular value of p can be used as 
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the initial starting function for the next value of p. 
Computations reveal a marked difference in the speed of 
convergenco in these two cases, For example, for p = 0.1, 

0.3 and 0.5 (with q = 1) number of iterations required is 
42, 48 and 53 respectively. However, if for p = 0.3, 
fmction u(x) determined for p = 0.1 is taken as the initial 
function, convergence occurs in 5 iterations only. If this 
is followed subsequently for all the remaining values of p, 
it is found that in each case convergence takes place in 
about 5 iterations. A study of the results obtained by 
these two methods, shows a difference in the solutions 
obtained. If the difference in the solutions were negligible, 
the method with faster convergence is to be preferred. 
Besides, it is further seen, in the method with faster conver- 
gence, that results depend on the initial value of p, with 
which computations commence. In other words, if solution 
for p = 0.7 is obtained by starting from p = 0.1 and from 
p = 0.3, the two solutions are different. A 3 ?eiiiarkable 
feature of the difference in results is, that the frequency 
virtually remains imaffected (difference being less than 
1.5 percent). A difference of about 2 to 5 percent is 
observed in e distribution, the difference in n distributions 
is more and the difference in the displacement function, 
which as stated earlier is imique.j, is substantj.al. Because 
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of the possibility of getting different solutions for the 
ssinie vslue of p ^ the method with f nster convergence is 
dropped. All the results presented in this chapter, therefore, 
have been obtained by the first method. 

Use of the function u for a particular value of p, 
as the initial function for the subsequent value of p, 
amounts to prescribing an initial function. Effect of 
different initial functions was also investigated. It is 
found that for a particular value of p, irrespective of 
initially chosen functions, the solution determined and the 
number of iterations for convergence, are the same. Only 
such results are reported ‘in this chapter. It appears that 
the initial displacement f met ion in the fast convergence 
scheme, is such that the iterative sol'ut ion, is not able to 
reach the results presented here. 

7.5.2 Results, discussion and comments 

Solutions determined in Section 7.3 are presented 
in the form of tables and curves, fable 7.1 gives variation 
of frequency (to), percent increase in to> i’ts 

location (m*), with p. Magnitude of and its location 

have , also , been pro "vided to appreciate the peculiar 
distribution of P ) stated in .Section 7.5.1 • The correspo- 
nding distributions of e and p, for q varying from 1 to 3» 
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ar© presenijed in Tables 7»2--7»4» These babies contain 

stiffness (s) distribution also. This is done to show that 

though p has a peculiar distribution, s distribution does 

not contain any anamolous character, s being zero at the 

hinged end and gradually reaching to maximum at the middle. 

This indirectly puts confidence in the obtained results. 

Dimensionless area distribution (p for p = ®) for 

the tapered-homogeneous beams , (investigated by liordson'^^, 

15 

and Karihaloo and Niordson ) with q = 2 and 3, are also 
presented in Tables 7.3d and 7.4d, This has been done to 
show that for large values of p, nonhomogeneous-tapered 
beams asymptotically approach to the corresponding homogen- 
eous beams. Since the numerical results are not available 
in the references [12,15], the homogeneous beam problems 
were reformulated by the method presented in this chapter, 
and the corresponding solutions were obtained. 

G^raphically, curves of percent increase in frequency 
with p for q = 1, 2 and 3 are shovm in Figure 7.1. The 
Corresponding e and p, distributions are shown in Figures 
7.2 and 7,3. To indicate the general trends, curves are 
drawn only for p = 0,7, 1 and 5 for q = 1, and for p = 0.3, 

1 and 10 for q =2 and 3. 

Curves of percent increase in frequency versus p 
(Figure 7.1) are monotonic, frequency increasing with 



decreasing p. For large values of p, the increase approaches 
asymptotically to that obtained for the corresponding homo- 
geneous tapored beam ’ which is zero, 6.6 and 11.9 
percent for q = 1 , 2 and 3 respectively. Modulus variation 
thus offers the possibility of a considerable increase in 
frequency, more than 30 percent y/ithin physically feasible- 
distributions . Theoretically, e and "n variations per- 
;mi.t increase in frequency in the case of q = 1 also. But 
the obtained distributions, seem to be impractical. Thus 
a theoretical optimal solution does exist for q = 1 but 

being impractical, it virtually means that Euler beam is the 

13 13 

optimal, as reported by Brach and Karihaloo and liordson . 

Therefore , one easily concludes that in the case of q = 1 , 

an increase in frequency should be obtained (as in Section 

6.6.2) by keeping t) = 1 , and varying the modulus only. 

Distributions of e, as shoy/n in Figure 7.2, are 

such that e is zero at the hinged end, and is a maximum at 

the middle. Sincq the role of e and b is similar in 

contributing to the stiffness, e distributions appear to be 

similar to the area distributions obtained in Sef. [6] and 

-[15]. Increase in frequency being large for small p, 

value of e also increases with decreasing p. For large 

■■ .II18.X 

valuiBS of p f 8.S "biio boom fonds *to bocomo fb© co3?i"0SpoiiiiiB§ 

homogeneous beam, it is easily seen that e versus x curves 
become flat, vyith e being around one for the whole buam. 
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it is seen that for large Talues of pj 

Tl distributions (Figure 7.3) approach the corresponding 

distributions foi non“-diiiiensional area for the tapered 

12 15 . 

honogensous boari . This is expected; because t) corres- 
ponds to dimensionless area if = 1 , lor small values of 
p, n curves tend to be flat, p being in the vicinity of one. 
This reflects that the large increases in frequency, which 
occur when p is small, are largely due to the modulus 
variation. This is indeed the case, as the increase' in 
frequency due to area variation alone is small, for example 
6.6 percent for q = 2. 

A study of results, as already stated, shows an 
imexpected behaviour of t) distribution, p shooting to veiy 
high values (c.g., 39.94 at x = 0,0005 for p = 0,05 and q = 1) 

near the hinged end. It is seen, that this character is 

strongly reflected when q = 1. It is observed that not only 
has large values in the case of q = 1 , but the corres- 
ponding location x* for all values of p,lies much before the 
middle point. In the case of q = 2 and 3> is consider- 
ably less (around 1) and occurs at x = 1/2. for p ^ when 

q = 2 and for p ^0,50 when q = 3. I^i s-Ii cases, it is 

observed that x* shifts towards x = 1/2 with increasing p. 

It may be mentioned here, that even though ne^r 

the hinged end for small values of p iu casuS of q 
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bGing 2 Q. 11 Q. 3} tj d.is’bi’ib'u.'fcioitis j howsvsiTj gitg iio"fc impi's.c'bi.cs.l 
Since around unity, and "n is the product of dimen- 

sionless density (p) and cross-sectional area (a), it 
appears to he feasible to achieve the desired p distributions, 
practically. 

A study of the convergence of the iterative scheme 
is presented in Figure 7.6, which shows variation of the 
number of iterations (n), required for the convergence, with 
p for q = 1 , 2 and 3 . It is found generally that n in the 
case of q = 1 , is much more than that for q = 2 and 3. 
Besides, it is observed that in most cases, n increases with 
increasing p. This behaviour is different from that 
observed in the case of columns and uniform beams, ?/here n 
generally is more for small values of p and is the least 
for p = 1 . 

Finally, a comment may be made about the feasibility 
of determining the governing equation and its solution for 
a uniform beam, as a special case of the tapered beam, by 
inserting q = 0 in the Eqn. (7.3.33) • doing this, one 
gets; 

(I 

[u" P-V] = 0 (7.5.82) 

Comparing this equation with the Eqn. (6,6. 124) for the 
uniform beam, it is evident that the two equations are 
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different. Hence, vailike the colirms, uniform beam elements 
have to be treated separately, as done in Chapter 6. 


7 . 6 free-Clagined Beam 

Governing equation and ^he boundary conditions, 
v/hich are obtained from (6.2.5), for free-clamped beam 'are 


Il+H )’ 


u 


"b 


a " 

-3 = 


U 

(7 

.3.34) 


u 




M(0) = 

r (1+U^)^ 

] = 0 

(7 

.6.83) 


u 

x=0 



T(0) = 

r(l+U^)^ 

L 

]' = 0 

(7 

.6 .84) 


U 

x=0 



u(l) = 

= u’(1) = 

0 

(7 

.6.85) 


Singular behaviour 

Bending moment , (M(0) ) being zero from (7.6.83), 
implies that the curvature u" is singular at z = 0. However, 
before integration of (7. 3*34) is attempted, it is important 
to know if deflection u and slope u are also singular. 

This information is provided by the zero shear condition 

(7.6.84). 
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SxprGssion for shear force can be 


written as: 


V(x) 


Defining 


( 1 U-n ^ ^ _ • 


1+u )■ 
. "b 


1 = r . 2a n u b u i /„ ^ 


(x) 


d+ubu"'’ 


(7.6.87) 


VgCx) 


_u 

"b+l 


( 7 . 6 . 88 ) 


Condition (7.6.102), therefore, implies 

V.,(0) = l^iO) = 0 


(7.6.89) 


Ifow, (7.6 .89) will be checked by writing 7.j(x) and Y^ix) in 
terms of x around x = 0,by using (6.6.129) and (7.4.59) to 
(7.4.62). The cases t >0 and t < 0 will be examined 
separately . 


Since 2 > t >1, u and u are finite quantities, 


From (7.3.36), b can be ?/ritten as; 


1+p+pq *■ 


1 > b > 0 


( 7 . 6 . 90 ) 


Parameter b being positive, u and u bej.ag finite, and u 
being singular, evidently y|(0) equals zero. 
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!!f ir 


Since u and u both are singular, is to be 


written in terms of x; 


u 


VgCx) = „ 


u 


b+ 1 


_ „t-3+(2-t)(b+l) 
.(t-2) (b+1 ) ~ ^ 


(7.6.91) 


where ,, 


p = t - 3 + (2-t),(b+1) 


(7.6.92) 


Substitution of b from (7.6.90) into (7.6.92), gives; 

B ^ (1+pq-p)(1-t) (7.6.93) 

1 + P + pq 

Inserting t from (7.4.65), following value of p is 
obtained . 




2n(2+pq-p.l 

(1+p+pq) 


< 


0 


(7.6.94) 


Hence 


Y^iO) = » 


(7.6.95) 


Thus if only curvature is singular (2 > t > 1), 
condition VglO) = 0 is violated. Therefore t cannot be 
positive. 


Case (2); t< 0 

In this case u, u' and n" are singular simul- 
taneously. V,(x),from C7.6.87) can be approxlnated as 



u u 


X 


[l+b(t-2)] 


(7.6.96) 


(x) 

where 




Y = -[l+l)(t-2)] = . [1 + (t-2)] (7.6,97) 

Since t < 0 for q = 2 and 3? only these cases are of interest. 
Values of Y and p vj±ll now be determined for these cases. 

Case (l); q =2, t = -2 

Substituting the ralues of q and t, following 
expression for Y and P is obtained. 

Y = P = fVlf ’ ° (7.6.98) 

Case (ii)g q = 3, t = -1 

Equations (7.6.97) and (7.6.93) easily yield the 
following expression to determine Y and p. 

Y ^ B = > 0 (7.6.99) 

' ^ 1 + 4p 

It, thus, follows from. (7 .6 .98) and (7.6.99) that 
the condition (7.6,89) is satisfied when t < 0. Hence, u, 
u , and u are simultaneously singular for free-clamped beam. 
Fature of singularity is, thus, quite different from that 
for the hinged-hinged beam, for which only u is singular. 
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Solution by s-’gccessive iteratinns 

Because of the particular nat^ore of singularity in 
the case of B-C beam, solution cannot be obtained by employing 
an iteratiTe solution similar to that developed in Section 
7»5« Thus, instead of working with u, u and u , which are 
singular at x = 0, iterative solution is developed in terms 
of two functions z(x) and f(x), T^hich are finite and well 
behaved. These are obtained by suitable transformation of 
variables. The general approach is essentially the same, as 
that used by Karihaloo and Hiordson"''^. 

Introducing the transformation 



u 

X 

f (x) 

(7.6.100) 

where 



- t 

(7.6.101) 

or 

m = 2 for 

Cvj 

II 

and m = 1 

for q = 3, 





(7.6.102) 

SI 

u can 

be v^rritten ass 





If 

u = 

^-(m+2) 

z(x) 

(7.6.103) 

where 

II 

S 

t 

- 2mxf 

+ ini(m.+1 )f 

(7.6.104) 


Is the effect of singularity is contained in the coefficients 
of f (x) and, (7.6.100) and (7.6.103), these functions 
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are well behaved and do not become unboimded, anywh 


lere in 


the interval 0 < x < 1 , 


Using the boundary conditions ( 7 . 6 . 85)5 and the 


relation (7.6.100), integration of ( 7 . 6 .IO 3 ) yields: 


f(x) 


1 1 


r r ) w2 

•I “ Tno-O 


XXX 


(7.6.105) 


Similarly formal - integration of (7.3.34), along 
with (7.6.83) and (7.6.84), yields: 

r- . ? a ^Vb 

. infix 

X X 2 nC „ ( 7 . 6 . 106 ) 

1 / / ^ u dx^ ;; 


0 0 Til 


u dx 


n 

Eliminating u and u from (7 .6 .106) , it reduces to: 


z(x) 


jE(t-2a)+2b (^2m ^ j2,a 

X X ^2d+B(d-2o-1).(^2*^ j2)Oj 

U J J A 


O O 


( 7 . 6 . 107 ) 


Relations (7.6.105) and (7.6.10?) are the expre- 
ssions, which determine the functions f(x) and a(x), and 
hence the solution of the problem. These are determined by 
the method of successive iterations. 


Steps in iteration 


i) Starting with some initial function 3 ^(x), say z^Cx) 
which may or may not satisfy the boundary conditions, 
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determine f(x) from (7.6.105) and then z(x) from 
(7.6.107). itinctions f(x) and z(x), obtained after the 
first iteration, will satisfy all the boundary conditions. 

ii) Using these functions, repeat the step (i). Iteration 
is continued till convergence takes place . To avoid 
any premature termination, convergence is sought not 
only for z(x) and f(x), but also for the eigen value 
(x). Thus X is computed in every iteration with the 
help of the relation (7.3.52). Soriesponding distributions 
of T)(x) and e(x), are then determined from (7.3.44) 

and ( 7 . 3 . 55 ) respectively. 

Subdividing the region of integration into 200 equal 
parts, integration in double precision, is done by simple 
trapezoidal, rule. It is found that the solution is affected 
by the mesh length (h) , if h > Q.OO5. I’or h < 0.005, the 
effect is insignificant. 

It may be commented here that relation (7.6.107) 

determines z(x) at all other stations, except x = 0. 

Determination of z(O-) was, therefore, attempted in three 
different ways ° 
i) z(0), = 0 
ii) z(0) = z(h) 

iii) z(Q), determined by extrapolation, using a second 
degree polynomial through the points x — h, x — 2h 

: ^-and X ' = 3h . 
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Computations reveal, that the approximation in the 
determination of z(0) has insignificant effect on the results. 
It is found j that in all the aboYe causes, convergence not 
only takes place in the same number of iterations, but the 
final result is also the same up to 6 significant figures . 

Solutions for q = 2 and 3 

Solutions have been obtained for p = 0.1, 0.4, 0.8, 

1 and 2, and q = 2 and 3- Solutions for p < 0.1 and p > 2, 
are hardly of any interest, as p <0.1 gives e distributions 
which are meaningless, and for p > 2 solution approaches the 
solution for the corresponding homogeneous beam. Results 
are, stated in the foim of tables and curves. 

lable 7.5 gives variation of oi and percent increase 
in ^ with p, for q = 2 and 3. Ihe corresponding, e and p 
distributions for q •= 2 and 3» are presented in Tables 7.6 
and 7,7. Besides, dimensionless area distributions (ti for 
p = “ ) for the optimum homogeneous-tapered beams, investi- 
gated in Ref, [H]j are also presented in these tables. One 
can, thus, easily verify that the solution for nonhomogene ous 
beam approaches the corresponding solution for homogeneous 
beam, for large p. 

Grraphieally , curves of percent increase in 
frequency versus p are available in Figure 7.4-. Ihe 
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corresponding curves for e and p distributions, are shown 
in figures 7.4- and 7.5. These ciurves, are drawn for p = 0.4 
and 2 only, to show the general trends. It is easily seen, 
that for large values of p, e-curves tend to be flat with e 
being around one, and p-curves approach to the dimensiorfLess 
area distributions for the corresponding optimal homogeneous 
beams. Similar results were obtained in the ease of columns 
and H-H beams also. 

Solution for q = 1 

As already stated in Section 7.4, only u" is 
singular in this case . Iterative solution, employing functions 
f(x) and . 2 (x), therefore, cannot be applied. A solution, 
similar to that presented in Section 6.5 for the H-H beam, 
was attempted. It is found that the iterative process does 
not proceed beyond one or two iterations, for any value of 

! n 

p. Iterations are divergent, with u, u and u approaching 
ir^linity. In other words, it appears that the governing 
Eqn. ( 7 . 3 . 34 ) does not have a solution for a cantilever beam, 
with q = 1 . This result is not surprising, as the correspon- 
ding homogeneous beam. also, does not have an optimal 
solution"* Since the solution for large values of p, 
should tend to the optimal solution for homogeneous- 
tapered element .which in this case does not exist, one will 
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be really surprised to get an optimal solution for a non 
hoinogeneous tapered cantilever beam, witii = I , 


7.6.1 Coimnents and disGusainn 

Theoretically, any increase in frequency is 

possible because of the monotonic character of the pereent 

increase in frequency versus p curve. Though the increase 

in is very large compared to the corresponding Euler beam, 

the increase relative to the corresponding tapered-homogeneous 
. 1 4 . 

element is marginal. Area variation alone results in an 
increase of 578 percent for q = 2, and 325 percent for q = 3. 
Introduction of the modulus variation, along with the area 
variation, does not offer any substantial increases beyond 
these values. Thus, it will be highly -uneconomical to design 
a tapered-nonhomogeneous beam. It is, therefore, recommended 
that large increases, over the E-uler beam, should be obtained 
by proper tapering, and if relatively small increases are 
desired, then a uniform-nonhomogeneous beam may be employed 
(Section 6.6.3). This conclusion is further confirmed by 
the e distributions, shown in figure 7.5. As in the case of 
the H~H beam, where n has a peak near the hinged end, in 
this case e distributions have a peak near the free end. 

This is a peculiar behaviour, which one, normally does not 
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expect. Such distributions are iTnnr>«n+-i + n. 

uiib are impractical to be reproduced 

physically. 

Finally, some observations can be made about the 
efficiency of the iterative scheme used in this section. It 
is found that the convergence takes place in about 30 
iterations in the case of q = 2, and about 10 iterations 
when q = 3 . Variation of number of iterations (n) with p 
IS ms ignii leant. It is further seen that if the termination 
criterion is made less stringent, convergence occurs in 
about 15 iterations for q = 2, and 6 iterations for q = 3, 

The difference in the increase in frequency due to this, is 
less than half percent. The iterative process, thus, seems 
to become slov/ near the optimum point. 
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Tafcle 7.1s Variation of fremipn^tr \ ^ ■ 

j-xequency j , percent increase into, 

location (x*) of with p for hinged- 

hinged tapered beams 

a) for q = 1 


p 

0.05 0.1 

0.3 

0.5 

0.7 

1 

2 

5 

m 

15.59 14.59 

12.68 

11 .85 

11.38 

10.96 

10.36 

9.886 

percent 

increase 

57.98 47.88 

28.52 

20.08 

15.30 

11.06 

4.99 

0.17 


39.94 26.35 

6.201 

3.555 

2.553 

1.920 

1 .306 

1.090 

* 

X 

0.0005 0.002 

0.01 

0.015 

0.02 

0.03 

0.05 

0.15 

Table 7.1s 

Continued 
b) for q : 

= 2 






P 

0.1 0.3 

0.5 

0.7 

1 

2 

5 

10 


13.29 12.15 

11.68 

11.41 

11 .19 

10.88 

10.67 

10.59 

percent 

increase 

34.63 23.07 

18.32 

1 5 .68 

13.39 

10.27 

8.11 

7.34 

Tl, 

^max 

1.360 1.116 

1 .083 

1.089 

1 .120 

1.191 

1.244 

1.265 

* 

X 

0.05 0.10 

0.20 

0.25 

0.50 

0.50 

0.50 

0,50 

Table 7.1 • 

Concluded 

c) for q = 

= 3 






P 

0.1 0.3 

0.5 

0.7 

1 

2 

5 

10 


13.16 12.23 

11.87 

11. .69 

11.53 

11.31 

11 .16 

11.11 

percent 

increase 

33.30 23.89 

20.32 

18.41 

16.78 

14.60 

13.13 

12.61 

^’^laax 

1 .12f 1 .060 

1 .092 

1 .126 

1 .158 

1.201 

1.233 

1 .244 

* 

X :: 

0.10 G.2Q 

0.50 

0.50 

0.50 

0.50 

0.50 

0.50 
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Table 7-2: Variation of e, t] and s along the axis 
nmged tapered beams with q = 1 


for hinged -- 


a) for p = 0.05 and 0.1 


X 

1 

1 


p. = 0.05 



P = 0.1 


t 

1 

JL. 

0 

I 

5 ^ 

1--- 

1 

! s 

t 1 

e 

f 

1 

t n 

f 

~ — 

! ® 

Q: 


0 

0 

0 

0 

0 

0 

0.05 


0.0361 

1.350 

0.0488 

0.0364 

1 .823 

0.0663 

0.10 


0.2633 

0.5204 

0.1370 

0.2421 

0.7314 

0.1770 

0.15 


0.7671 

0.3095 

0.2375 

0.6719 

0.4443 

0.2985 

0.20 


1.530 

0.2210 

0.3382 

1.299 

0.3215 

0.4177 

0.25 


2.471 

0.1748 

0.4319 

2.052 

0.2568 

0.5270 

0.30 


3.473 

0.1479 

0.5137 

2.841 

0.2188 

0.6215 

0.35 


4.413 

0.1315 

0.5804 

3.571 

0.1954 

0.6979 

0.40 


5.177 

0.1216 

0.6295 

4.159 

0.1813 

0.7539 

0.45 


5.675 

0.1162 

0.6596 

4.540 

0.1736 

0.7881 

0.50 


5.847 

0.1145 

0.6697 

4.671 

0.1712 

0.7996 


Table 7.2; Continued 


b) for p = 0.3 and 0.5 


X 

—f— 

f 

f 


p 

= 0.3 


f 

t 

! 

1- 


P = 0.5 





I 

■ ■ i 


i 


1 ' ' ^ ■■ 



1 

1 

e 

! 

t 

T) ! 

S 

f 

I 

e 

' P 1 

s 


_l 



■ ■ 


t 





0 

0 

0.05 

0.0563 

0.10 

0.2537 

0.15 

0.5811 

0.20 

0.9971 

0,25 

1.453 

0.30 

1 .900 

0.35 

2.296 

0.40 

2.605 

0.45 

2.802 

0 .50 

2.869 


0 

2.383 

1.188 

0.7974 

0.6133 

0.5103 

0.4474 

0.4077 

0.3832 

0.3697 

0.3654 


0 

0.1342 

0.3013 

0.4634 

0.6116 

0.7413 

0*8501 

0.9361 

0.9983 

1.036 

T.048 


0 

0.0869 

0.2947 

0.5850 

0.9180 

1.259 

1.578 

1.851 

2.060 

2.191 

2.235 


0 

2.258 
1 .327 
0.9616 
0.7748 
0.6651 
0.5959 
0.5513 
0.5233 
0.5078 
0.5029 


0 

0.1963 

0.3911 

0.5626 

0.7113 

0.8372 

0.9404 

1.021 

1.078 

1.112 

1.124 











261 


'jle 7.2; Continued 


c) for P = 0.7 and 1 




0 

u 

0 

0 

0 

0 

35 

0.1226 

2.046 

0.2509 

0.1789 

1.779 

0.3182 

I 0 

0.3394 

1 .358 

0.4609 

0.4026 

1.340 

0.5394 

i 5 

0.6070 

1 .041 

0.6321 

0.6448 

1 .092 

0.7039 

^0 

0.8917 

0 .8687 

0.7746 

0.8828 

0.9454 

0.8346 

05 

1 .169 

0.7634 

0.8923 

1.102 

0.8520 

0.9393 

SO 

1 .420 

0.6953 

0.9870 

1.294 

0.7899 

1 .022 

r35 

1.629 

0 .6506 

1.060 

1.450 

0.7483 

1.085 

. 40 

1 .786 

0.6222 

1 .111 

1.564 

0.7216 

1.129 

• 45 

1 .884 

O.6O64 

1.142 

1.635 

0.7065 

1.155 

.50 

1 .917 

0.6013 

1.153 

1.658 

0.7017 

1.164 


o.ble 7.2s Concluded 

d) for p = 2 and 5 







Table 7 .5 
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Variation of e, t) and s along the axis for 
hinged-hinged tapered 'beams with q = 2 

a) for p = 0.1 and 0.3 



0 0 0 0 0 0 0 

0.05 0.0660 1.360 0.1220 0.1396 1.014 O.I435 

0.10 0.2505 1.271 0.4049 -0.3406 1.116 0.4245 

0.15 0.5912 1 .144 0.7735 0.6120 1.112 0.7572 

0.20 1.099 1.033 1.174 0.9433 1.078 i.095 

0.25 1.745 0.9474 1.566 1.309 1.038 1.411 

0.30 2,461 0.8835 1.921 1.676 1.003 1.686 

0.35 3.159 0.8378 2.21? 2.009 0.9752 1.911 

0.40 3.743 0.8072 2.439 2.274 0.9554 2.075 

0.45 4.132 0.7897 2.576 2.444 0.9437 2.176 

0.50 4.267 0.7840 2.623 2.503 0.9398 2.210 



0 

0.05 

0.10 

0.15 

0,20 

0.25 

0.30 

0.35 

0.40 

0.45 

0.50 


0 ■ 0 

0,2163 0.8602 

0.4231 1.026 

0.6596 1.077 

0.9185 1.083 

1.183 1.072 

1.434 1.057 

1.651 1.043 

1.819 1.031 

1.926 1.024 

1.962 1.022 


0 0 

0.1601 0.2865 

0.4456 0.4905 

0.7655 0.7010 

1.078 0.9164 

1.360 1.126 

1.602 1.317 

1.795 1.479 

1.935 1.601 

2,020 1.678 

2,049 1.704 


0 0 

0.7749 0,1720 

0.9698 0.4613 

1.051 0.7743 

1.081 1.072 

1 .089 1 .355 

1.087 1.557 

1 .082 1 .732 

1 .077 1 .859 

1.074 1.935 

1.073 1.961 
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Table 7.3° Continued 

c) for p = 1 and 2 



? 

f 

f 



p = 1 


1 

1 

1 

- 1 



p = 2 





! 

1 


? 


1 

1 



I 

! 

-«J 

e 

! 

f 

L- 

n \ 

I 

S 

I 

f 



e 

f 

f 

L-, 

n 

I 

S 


0 


0 

0 

0 

0 

0 

0 

0.05 


0.3755 

0.7013 

0.1847 

0.5666 

0.6032 

0.2061 

0.10 


0.5684 

0.9173 

0.4783 

0.7167 

0.8409 

0.5068 

0.15 


0.7491 

1.024 

0.7851 

0.8387 

0.9798 

0.8051 

0.20 


0.9225 

1,076 

1.069 

0.9450 

1 .064 

1.070 

0.25 


1 .083 

1.102 

1.315 

1 .037 

1.116 

1 .291 

0.30 


1.225 

1 .114 

1.519 

1.114 

1.149 

1.470 

0.35 


1.342 

1 .118 

1 .678 

1 .174 

1.170 

1 ,606 

0.40 


1.429 

1.120 

1.792 

1 .218 

1.182 

1.703 

0.45 


1 .482 

1.120 

1.861 

1.245 

1.189 

1.760 

0.50 


1 .500 

1.120 

1.883 

1 .254 

1.191 

1.779 


Table 7.3 ^ Concluded 



d ) 

for p 

= 5 and 

10 




X 

! 

1 

f 

! 

p = 5 


i 1 ,.,. 1 

! 

! 

-L - 

p = 10 


ip “ 


1 


i " 

1 ■ ■ 

f ■ ■ " ■ " ' ■■ 

1 ■ ■ ■' ' 

^ 


I p 1 

1 ^ 1 

^ 1 -....- - - f 

n 

1 B 

-1. 

I e 

f 

I n 

.-. l - 

\ s 

.,. 1 ..... 

\ n 

t 

0 

0 

0 

0 

0 

0 

0 

0 

0.05 

0.7780 

0.5374 

0.2246 

0.8780 

0.5143 

0.2322 

0,4909 

0.10 

0.8617 

0.7851 

0.5312 

0.9255 

0.7646 

0.5411 

0.7454 

0.15 

0.9228 

0.9445 

0.8232 

0.9558 

0.9308 

0,8307 

0,9164 

0.20 

0.9724 

1.051 

1.073 

0.9850 

1.045 

1.075 

1,039 

0.25 

1.013 

1.123 

1.277 

1.006 

1.125 

1 .273 

1.126 

0.30 

1.045 

1 .173 

1.437 

1.023 

1.181 

1 .426 

1.189 

0.35 

1 .070 

1.206 

1.557 

1.035 

1.220 

1.540 

1.233 

0.40 

1.088 

1.228 

1.641 

1.044 

1.245 

1.619 

1 .263 

0.45 

1 .099 

1 .240 

1 .690 

1.049 

1.260 

1 .665 

1,280 

0.50 

1.102 

1 .244 

1.707 

1.051 

1.265 

1 .681 

1.286 


* T), recomputed for the case considered in Eef. [12]. 
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Table 7.4« Variation of e, ti and s along the axis for hinged- 
hinged tapered beams with q = 3 


a) for p = 0.1 and 0.3 


X 

"T 

f 

t 

f 

p = 0.1 


nf 

I 

f 

-j — 

p = 0.3 



I""'" ' ' 

-p-. ^ 


t 

f 

f ' ' ' 


f e 

' ^ { 

s 

5 e 

I 

I b 


t 

1 


■ t 

-1- 

- 

0 

0 

0 

0 

0 

0 

0 

0.05 

0.0876 

1.112 

0.1205 

0.1968 

0.8797 

0.134 

0.10 

0.2863 

1.127 

0.4102 

0.4133 

1 .003 

0.4165 

0.15 

0.6151 

1.092 

0.8015 

0.6707 

1.047 

0.7709 

0.20 

1 .079 

1 .047 

1.239 

0.9629 

1 .060 

1.147 

0.25 

1.655 

1.005 

1 .678 

1 .272 

1 .039 

1 .511 

0.30 

2.288 

0.9691 

2,082 

1.575 

1 .052 

1.836 

0.35 

2.903 

0.9416 

2.424 

1.845 

1.045 

2.105 

0.40 

3.420 

0.9222 

2.682 

2.058 

1.039 

2.305 

0.45 

3.763 

0.9107 

2.842 

2.195 

1.034 

2.429 

0.50 

3.884 

0.9069 

2.897 

2.242 

1 .033 

2.470 


Table 7.4: Continued 


b) for p = 0.5 and 0.7 


X 

f 

I 

f 

1 


p = 0.5 



p = 0.7 

" ' ■ 

1 " 

t 

f 

JL 

e ! 

i ■ ■ 

! 

* ; 

1 ® j 

e 

f 

1 n 

_i 

I . s 

0 


0 

0 

0 

0 

0 

0 

0.05 


0.2973 

0.7841 

0.1435 

0,3804 

0.7326 

0.1495 

0.10 


0.5104 

0.9421 

0.4267 

0.5819 

0.9070 

Q.4341 

0.15 


0.7272 

1.019 

0.7695 

0.7691 

1.001 

0.7707 

0.20 


0.9489 

1.058 

1.124 

0.9492 

1.055 

1.115 

0.25 


1.166 

1.077 

1.459 

1 .118 

1.086 

1 .453 

0.30 


1.367 

1 .087 

1.754 

1 .269 

1.105 

1.712 

0.35 


1.538 

1.090 

1.995 

1.394 

1 .116 

1.958 

0.40 


1 .670 

1 .092 

2.175 

1 .488 

1.122 

2.104 

0.45 


1 .752 

1.092 

2.282 

1.547 

1.126 

2.205 

0.50 


1 .780 

1 .092 

2-319 

1.567 

1.126 

2.239 









Table 7.4* Continued 


c) for p = 1 and 2 


1 


X 

I 

1 

1 


P = 1 


f 

f 

1 

f , - 

p = 2 
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! 

1 

I 
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-JL 

e 

f n 

t 

f S 

f 

f ^ 

f 

! T) 



; s 

? * 

0 


0 

0 

0 

0 

0 

0 

0.05 


0.4769 

0.6884 

0.1556 

0.6598 

0.6299 

0.1649 

0.10 


0.6581 

0.8755 

0,4416 

0.7885 

0.8315 

0.4533 

0.15 


0.8132 

0.9833 

0.7732 

0.8866 

0.9575 

0.7783 

0.20 


0.9544 

1 .050 

1 .106 

0.9692 

1 .042 

1.097 

0.25 


1 .081 

1.093 

1 .412 

1.039 

1.101 

1.386 

0.30 


1.191 

1.121 

1.677 

1.097 

1 .141 

1 .632 

0.35 


1 .281 

1.139 

1 .890 

1.143 

1.169 

1.828 

0.40 


1.347 

1 .150 

2.046 

1.176 

1 .188 

1.970 

0.45 


1.387 

1 .156 

2.140 

1.195 

1.198 

2.056 

0.50 


1 .401 

1.158 

2.172 

1 .202 

1 .201 

2.085 


Table 7.4: Concluded 

d) for p = 5 and 10 


X 

1 

I 

f 

I ^ 

P = 5 


"1 

1 

1 



p = 10 


It 

8 


f 

1 


I 

1 

1 

1 ' * 


f e 

-i - 

• T ) 

-1 

; s 

♦ 

t e 

jt 

1 ^ 

1 

1 s 

1 , , 

' T ] 

. 1 .. - 

0 

0 

0 

0 

0 

0 

0 

0 ' 

0.05 

0.8357 

0.5907 

0.1722 

0.9120 

0.5768 

0.1750 

0.5627 

0.10 

0,9018 

0.8006 

0.4628 

0,9482 

0.7894 

0.4664 

0.7778 

0.15 

0.9482 

0.9383 

0.7834 

0.9729 

0.9312 

0.7854 

0.9257 

0,20 

0.9852 

1.035 

1.093 

0.9921 

1.032 

1.091 

1.029 

0.25 

1.015 

1.105 

1.369 

1,007 

1.106 

1.364 

1.107 

0.30 

1.039 

1.155 

1.602 

1.020 

1.160 

1.592 

1.165 

0.35 

1.058 

1.191 

1 .786 

1.029 

1.199 

1.772 

1.206 

0.40 

1 .071 

1 .215 

1.919 

1.035 

1 .224 

1.901 

1.235 

0.45 

1.078 

1.228 

1 ,998 

1.039 

1.239 

1.978 

1 .251 

0.50 

1 .081 

1.233 

2.025 

1,041 

1.244 

2 .004 

1.256 


* ti, recomputed for the case considered in Bef. [15]. 
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Table 1.5t Variation of frequency ( oj) and percent increase 
in ui with p for free-clamped tapered beams 


U) 


r 

= 2 I 

{. 

{ percent increase J 

f f 




q = 3 

! 

J percent increase 


.1 24.96 

.4 24.33 

,8 24.13 

24.08 
2 23 .96 


609.9 

592.2 

586.3 
584.8 
581 .5 


15 . 6 ? 

15.25 

15.12 

15.09 


345.7 

333.7 
330.0 
329.2 







(Dable 1 , 6 % Variation of e and t) along the axis for free-clamped tapered beams with 
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APPBOXIMia!E SOLUTIONS 

8.1 Introduction 

Exact physical realization of the distributions of 
e and ri , obtained in Chapters 3, 4, 5, 6, and 7, is difficult 
in practice. An attempt is, therefore, made in this chapter 
to examine the sensitivity of the eigen values to small 
perturbations in the numerically-obtained distributions of 
the design variables. Ihese have been approximated by simple 
polynomials. It is shown, by considerii^ the particular 
example of the hinged-hinged columns with p = 1 , which are 
characterized by identical distributions of e and tj, that the 
effect of approximation on the eigen value (implying the 
critical load) is marginal. Further, an attempt is also made 
to predict the optimum distributions of e and n, for columns, 
with constraints on the minimum values of these variables, 

8.2 Approximating Polynomials and Corresponding Hesults 

Our objective, here, is not only to determine a 
simple approximation to the e and h cuiwes, but also to 
investigate the feasibility of predictii^ these variables 
for columns (beams) with constraints on the aiiniram; values 
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of 6 S-Hd. 'n» 'Ttiis S’fc'u.d.y is diq,(3.Bj iiorsj Ijy cons id.s 3 ?ing "fciis 
panficulan oxampls oi "blio liingsd— hinged coluinns with p = 1 , 

I’3ro33i physical considenafions j e (h) disinihufion 
(for a constrained hinged-hinged coltunn) is expected to he 
such that it would be a constent (ecjual to the niniiuuiE 
specified e, say e^) up to a certain distance (which depends 
on e^) from the hinged end. It would then, gradually reach 
the maximum at the middle, 

f'or the case of p = 1 , the following polynomial, 
for approximating both e(x) and il(x) , which are the same for 
the unconstre-ined columns, is proposed. 

Ti(x) = e(x) = + a^(x-x^) + a 2 (x-x^) + aj(x-x^)^ I 

X. < X (8,2,1a) 

0 

Tl(x) = e(x) = e^ ; X <, (8.2.1b) 

Here, e^ refers to the minimum specified e, x^ refers to the 
distance up to which e(x) and "HCx) remain constant, and a^, 
a 2 > and are the coefficients, which are to be determined, 
suitably, for a given e^, x^ is gradually increased from 
zero to some suitably selected value (s^ 0.1 ), and in each 
case, critical load X is determined. The value of x^ and the 
associated e and h distributions, which yield the maximum 
value of X, detemaine an approximate solution of the 
constrained, problem. 
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Coefficients , a^, and in Eqn. (8.2.1a), are 


detemiined ty setting the following three conditions s 

1/2 

i) 2 S e(x) dx = 1 


ii) syimnetry of e(x), i.e.. 


dx 


x=l/2 


= 0 


iii) e(l/2) = e for the moons trained colmn, thorehy, 

XXX / \ / / majc 


j-pproxitaating polynoiflial becoming close to e— curve.-. 


obtained in Chapter 5. 

She above three conditions, produce three linear 
equations, to determine a.,, ag, and a^. Equation (8.2,1 
then determines the associated e(x), which was obtained for 
varying from 0.1 to 0.7. In each case, x^ varied from 

0 to 0,1 and q from 1 to 3. 

In order to study the effect of approximations, x^ 


is kept 0 and is suitably chosen such that the maximum 
value of X is obtained. It is seen that in the case of q = 
1 and 2, a very close approximation is obtained. Increase 
in load for q = 1, is 32.54 percent whereas the maximum 
possible increase is 33.57 percent. The different in the 
solution obtained by simple polynomial and the strongest 
colinnn solution is, thus, marginal. The results, gi^mug 
the percent increase in load aad tte associated vnluo oi 
for q = 1,2, ana 3 are presented in Table 8.1. The 
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corresponding e-curve is, however, shown for q = 1 only in 
Figure 8.1. 

A study for q = 3 reveals that a better approxi- 
mation is possible by setting 0. It is foimd that x^ = 

0.005 and = 0,40, produces an increase of 42.7 percent, 
in load. This result could also be interpreted as approximat 

solution to the constrained column v?ith e, = 0,4. 

o 

Approximation to the constrained problem is studied 

in detail for q = 1, with « 0.50. For this value of e^, 

X is varied from 0 to 0,1 at suitable intervals. In each 
o 

case, e (p) distributions (along with the associated eigen 
values) are determined. It is found that x first increases 
with the increase in x^ and then starts decreasing, thereby 
yielding an optimum value of x^ for the given e^. 0ne»thu3» 
gets an approximate solution for the constrained column 
with ©Q = resiolts, giving the percent increase in 

load for different values of x^, are presented in fable 8,2. 
Distribution of e is, however, shovm only for x^ = 0,05 » 
for which the maximum value of the percent increase in load 
is obtained. For comparison, solution obtained in Chapter 5 
for p = 1 and q = 1, is also reproduced in Figure 8.1. 
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8.3 Qomments and Discussion 

A 33.1111100? study can bo oxtondod to all the piobleias 
studied in this thesis. On the basis of the particular cases 
studied in this chapter, with a fair degree of confidence, 
it seems possible to approximate the numerically obtained 
curves for the design variables. Besides, the eigen value 
does not seem to be sensitive to small variations in these 
curves . 

The simple study, conducted in this chapter, 
indicates the possibility of predicting approximate solutions 
of the constrained problems through the solutions of the 
unconstrained problems. This can be done, at least in the 
present case, by determining solutions for different values 
of e^ and x^ . Optimum values of e^ and the corresponding x^ 
can, then, be easily picked by inspection. After some 
experience, one can easily reduce the effort involved in 
determining these values. 

The approximating polynomials, here, have been 

obtained by matching the value of e at only one point (x = l/2 

with the value for the unconstrained column. This particular 

point is selected because the difference in the values of 

e~„.^ in the two cases, especially, for small values of o , 
max 

is expected to be marginal. One may consider the Hatching 
at some other point and investigate the possibility of 
obtain^ajg better results . 
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T-ble 8 1“ PeT’cen-t increase in X and the assocrated Oq for 
■ xo = hinged-hinged colimns with p - 1 


q. 

— — — -"-j- 

1 percent increase 1 

0 

{ approximate 

t strongest* t 

f - ' 

1 

32.54 

33.37 

♦ 

0 

2 

39.16 

40.81 

0.3 

3 

41 . .98 

45.97 

0*5 


* Results computed in Ghapter 5- 


„ „ nf -nercent increase in X with Xq for 

Table 8.2: Variation columns with q = 1 


eo 


percent 

increase 


0.015 0.025 0.050 0.075 0.100 

27.51 28.20 28.61 29.25 28.69 26 . 2 ' 




CHAPTER-^ 


CONCLUSIOHS ftTm CT.nnmiSHMTIOlfS 


9 - I Conclusions 

Studies in this thesis, have estaolished that 
considerable impinvements in eigen values of the simple 
elements, such as columns and beams, is possible through 
suitable longitudinal variation of the modulus. Theoreti- 
cally, modulus variation can result in unlimited increases 
in the eigen values, whereas the improvements for the corres- 
ponding homogeneous elements with optimal tapering, are 
limited. However, very high increases are not practically 
feasible because of the limitations on the specific moduli! 

of the available materials. 

Both the uniform as well as the tapered- 
nonhomogeneous elements have been investigated, to determine 
the effect of the optimum modulus distribution on the eigen 
values. In a general problem, though, modulus, area, and 
density, simultaneously can be the independent design 

variables. She treatment in the present worh has been 

(e) for the uniform elements, 
restricted to only one variable K&J 

/ , .yjA the tapered elements. '‘C 

and two variables (e and n) for 

+1,0+ the density remains constant 
have, therefore, assumed that 
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in the case of 'oniform elements. This assumption, seems to 
be realistic today because of the advancements in the 
composite material technology and the development of high 
specific modulus fibers, 

A study of the strongest columns, for four 
classical -homogeneous boundary conditions (H-H, l-C, C-C and 
G-H) , reveals that considerable improvements in the critical 
loads beyond those achieved by the optimal tapering^, are 
possible by suitable variations of the locdulii along the 
axis of the columns. Exurthermore , modxilus variation seems 
to be, largely, responsible for producing higher increases 
in the load. Considering the fabrication aspects, use of 
uniform columns is to be recommended for increases beyond 
65 percent. However, tapered columns may be used when 
only the percentage increase in load is of utmost .importance. 

Investigations for the uniform (H-H, F-G, C-G and 
C-H)and tapered (H-H and F-C) beams, reveal the existence of 
large increases in the fundamental frequency of transverse 
vibrations through optimal variation of the modulus along 
the axis . Tho\igh the percentage increase in the case of 
free-clamped tapered beams is not small, still it is 
marginal relative to the corresponding homogeneous- 
tapered beams^'^. Besides, it is further concluded that 
the tapered hinged-hinged bearo (q, == "^ ) free-clamped 

tapered beams are of academio interest only, because of the 
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nifflierically obtained infeasible distributions of the design 
Tariables. lor q. = 1 , modulus variation, theoretically, 
offers the possibility of increasing the frequency beyond 
that for the corresponding Euler beam, viiich is the optimal”^ 
if only area variation is considered. Eor free-clamped beam 
with q = 1, optimal solution, as stated in references 13i14 
for the homogeneous-tapered beam, does rot exist. 

Introduction of the parameter p in the optimization 
problems, investigated in the present work, offers the 
possibility of achieving a desired increase in the eigen value 
of the structural element under consideration. The corres- 
ponding desired optimum distributions of the design variables, 
can be predicted by determining the solution for a suitably 
chosen value of p. 

Method of successive iterations has been employed, 
successfully, for determining the numerical solutions in all 
the cases, considered in this thesis. Ihe method is povmrful, 
and in most cases, convergence occurs in few iterations. 
However, it is also fotuad in some - cases, that the convergence 
is very slow. Generally, it is seen that the slow conver- 
gence is associated with extreme values of p for v/hich the 
solution either asymptotically approaches to the corrosj-on- 
ding solution for the uniform element (p « 1), or to the 
solution for the correspondirg homogeneous clement (p » 1)* 
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Further, it is also seen, that the conveigence gets slow near 
the optimum. This is, normally, encountered in optimal 
control problems and in the solutions of the problems by 
using direct methods of optimization. Thus, slow conTergence 
could be attributed to both these facts. 

Governing eqiiations, both for the columns and bean^, 
are singular. Exact knowledge of the analytical behaviour 
of singularity, is very important in arriving at the correct 
solutions. It may be noted that the singularities in the 
column problems have been encoimtered , here, for the first 
time. 

In all the derivations, the optimization problem, 
finally, reduces to the solution of a nonlinear equation in 
the eigen function, which has a tmique solution. Bigen value i 
and the distributions of the design variables are, then, j 

easily obtained from the solution of this eigen function, : 

1 2 • 1 4 

The approach, thus, differs from that followed by Hiordson / f 
He not only determines the eigen function but a contta^t alsQ, j 
out of the iterative process used by him. The additional : 

relation, to determine the constant, is obtained by employing 
Eayleigh’s quotient for the frequency. Since in an eigen 
value problem, displacement remains undetermined within a 
scalar multiplier, the determination of the constant by 
liordson seems to be redundant. The problems ^ 
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iOTestlgated by him, were reformulated by the method presented 
in this thesis, and the same results were obtained. Iiuokily, 
Hlordson gets the right results for his problem, but if the 
simillar approach is followed for the problems investigated 
in the present work, one gets erroneous results, e.g., for 
p = 1 and q = 2, hinged-hinged beam solution yields an 
increase of 45 percent In frequency, whereas the correct 
result is 13.4 percent. This happens because of the fact 
that the scalar multiplier for the eigen function con have 

any value . 

Since the physical reproduction of numerically 

obtained distributions for the design variables (e and P) is 
difficult in practice, the effect of approximation of these 
curves by simple polynomials Con the eigen value! has bean 
attempted. A study of the hinged-hinged columns Cp = D 
suggests that the eigen value is not significantly affected 
by small perturbations in the numerioolly obtained distributions 
of e and r,. Besides, through the use of tho solutions 
Obtained in this thesis, it seems feasible to predict a good 
approximation to the solution for an element with constraints 

n-f the area and modulus, 
on tho mimmaa value oi 
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9 .2 Eecoiiimende!.tions for Further Study 

The following are some of the problems, that can be 
recommended for further study. 

i) Detailed study of the approximations to the numeric ally- 
obtained e and P distributions in all the cases, inves- 
tigated in this thesis. 

ii) Optimal design of nonhomogeneous columns and beams with 
constraints on minimum modulus and area, and verifi- 
cation of the possibility of approximating these ciirves 
by employing the results for the corresponding strongest 
columns and the stiff est beams . 

iii) Determination of the solution in the case of tapered- 
nonhomogeneous beams, for clamped-clamped and clamped- 
hdnged boundary conditior^. 

iv) Proof of the stationary solutions being the optimal 
solutions, in the case of optimum beams. 
t) Proof of the convergence of the method of successive 
iterations . 

vi) Feasibility of improving the convergence in the cases, 
•where it is very slow . 
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